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Devoted to 150th birthday of Henri Poincare — 
the greatest mathematician, mechanist, 
theoretical physicist 



Preface 

The special theory of relativity "resulted from the joint efforts 
of a group of great researchers: Lorentz, Poincare, Einstein, 
Minkowski''' (Max Born). 

"Both Einstein and Poincare, took their stand on the prepara- 
tory work of H. A. Lorentz, who had already come quite close 
to the result, without however quite reaching it. In the agree- 
ment between the results of the methods followed independently 
of each other by Einstein and Poincare I discern a deeper sig- 
nificance of a harmony between the mathematical method and 
analysis by means of conceptual experiments (Gedankenexperi- 
mente), which rests on general features of physical experience" 
(W.Pauli, 1955). 

H. Poincare, being based upon the relativity principle formu- 
lated by him for all physical phenomena and upon the Lorentz 
work, has discovered and formulated everything that composes the 
essence of the special theory of relativity. A. Einstein was coming 
to the theory of relativity from the side of relativity principle for- 
mulated earlier by H. Poincare. At that he relied upon ideas by 
H. Poincare on definition of the simultaneity of events occurring 
in different spatial points by means of the light signal. Just for this 
reason he introduced an additional postulate — the constancy of 
the velocity of light. This book presents a comparison of the article 
by A. Einstein of 1905 with the articles by H. Poincare and clarifies 
what is the new content contributed by each of them. Somewhat 
later H. Minkowski further developed Poincare's approach. Since 
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Poincare's approach was more general and profound, our presen- 
tation will precisely follow Poincare. 

According to Poincare and Minkowski, the essence of relativ- 
ity theory consists in the following: the special theory of rel- 
ativity is the pseudo-Euclidean geometry of space-time. All 
physical processes take place just in such a space-time. The 
consequences of this postulate are energy-momentum and angu- 
lar momentum conservation laws, the existence of inertial refer- 
ence systems, the relativity principle for all physical phenomena, 
Lorentz transformations, the constancy of the velocity of light in 
Galilean coordinates of the inertial frame, the retardation of time, 
the Lorentz contraction, the possibility to exploit non-inertial ref- 
erence systems, the clock paradox, the Thomas precession, the 
Sagnac effect, and so on. Series of fundamental consequences 
have been obtained on the base of this postulate and the quantum 
notions, and the quantum field theory has been constructed. The 
preservation (form-invariance) of physical equations in all inertial 
reference systems means that all physical processes taking place 
in these systems under the same conditions are identical. Just for 
this reason all natural standards are the same in all inertial ref- 
erence systems. 

The author expresses profound gratitude to Academician of the 
Russian Academy of Sciences Prof. S. S. Gershtein, Prof. V. A. Pet- 
rov, Prof. N. E. Tyurin, Prof. Y. M. Ado, senior research associate 
A. P. Samokhin who read the manuscript and made a number of va- 
luable comments, and, also, to G. M. Aleksandrov for significant 
work in preparing the manuscript for publication and completing 
Author and Subject Indexes. 

A.A. Logunov 
January 2004 
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1. Euclidean geometry 

In the third century BC Euclid published a treatise on math- 
ematics, the "Elements", in which he summed up the preceding 
development of mathematics in antique Greece. It was precisely 
in this work that the geometry of our three-dimensional space — 
Euclidean geometry — was formulated. 

This happened to be a most important step in the develop- 
ment of both mathematics and physics. The point is that geom- 
etry originated from observational data and practical experience, 
i. e. it arose via the study of Nature. But, since all natural phe- 
nomena take place in space and time, the importance of geometry 
for physics cannot be overestimated, and, moreover, geometry is 
actually a part of physics. 

In the modern language of mathematics the essence of Eu- 
clidean geometry is determined by the Pythagorean theorem. 
In accordance with the Pythagorean theorem, the distance of a 
point with Cartesian coordinates x, y, z from the origin of the re- 
ference system is determined by the formula 

e = x 2 + y 2 + z 2 , (1.1) 

or in differential form, the distance between two infinitesimally 
close points is 

(Mf = (dx) 2 + (dy) 2 + (dz) 2 . (1.2) 

Here dx, dy, dz are differentials of the Cartesian coordinates. Usu- 
ally, the proof of the Pythagorean theorem is based on Euclid's 
axioms, but it turns out to be that it can actually be considered a 
definition of Euclidean geometry. Three-dimensional space, de- 
termined by Euclidean geometry, possesses the properties of ho- 
mogeneity and isotropy. This means that there exist no singular 
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points or singular directions in Euclidean geometry. By perform- 
ing transformations of coordinates from one Cartesian reference 
system, x, y, z, to another, x 1 ', y', z', we obtain 

1)2 2,2,2 12 i 12 i /2 /i o\ 

€ = X + y + Z = X + y + Z . (1.3) 

This means that the square distance £ 2 is an invariant, while its 
projections onto the coordinate axes are not. We especially note 
this obvious circumstance, since it will further be seen that such a 
situation also takes place in four-dimensional space-time, so, con- 
sequently, depending on the choice of reference system in space- 
time the projections onto spatial and time axes will be relative. 
Hence arises the relativity of time and length. But this issue will 
be dealt with later. 

Euclidean geometry became a composite part of Newtonian 
mechanics. For about two thousand years Euclidean geometry was 
thought to be the unique and unchangeable geometry, in spite of 
the rapid development of mathematics, mechanics, and physics. 

It was only at the beginning of the 19-th century that the 
Russian mathematician Nikolai Ivanovich Lobachevsky made 
the revolutionary step — a new geometry was constructed — 
the Lobachevsky geometry. Somewhat later it was discovered 
by the Hungarian mathematician Bolyai. 

About 25 years later Riemannian geometries were developed 
by the German mathematician Riemann. Numerous geometrical 
constructions arose. As new geometries came into being the is- 
sue of the geometry of our space was raised. What kind was it? 
Euclidean or non-Euclidean? 
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2. Classical Newtonian mechanics 

All natural phenomena proceed in space and time. Precisely for 
this reason, in formulating the laws of mechanics in the 17-th cen- 
tury, Isaac Newton first of all defined these concepts: 

"Absolute Space, in its own nature, without regard 
to any thing external, remains always similar and im- 
movable ". 

"Absolute, True, and Mathematical Time, of itself, 
and from its own nature flows equably without regard 
to any thing external, and by another name is called 
Duration ". 

As the geometry of three-dimensional space Newton actually 
applied Euclidean geometry, and he chose a Cartesian reference 
system with its origin at the center of the Sun, while its three axes 
were directed toward distant stars. Newton considered precisely 
such a reference system to be "motionless". The introduction of 
absolute motionless space and of absolute time turned out to be 
extremely fruitful at the time. 

The first law of mechanics, or the law of inertia, was formu- 
lated by Newton as follows: 

"Every body perseveres in its state of rest, or of 
uniform motion in a right line, unless it is compelled 
to change that state by forces impressed thereon". 

The law of inertia was first discovered by Galileo. If, in motion- 
less space, one defines a Cartesian reference system, then, in ac- 
cordance with the law of inertia, a solitary body will move along 
a trajectory determined by the following equations: 

x = v x t, y = Vyt, z = v z t. (2.1) 
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2. Classical Newtonian mechanics 



Here, v x ,v y , v z are the constant velocity projections, their values 
may, also, be equal to zero. 

In the book "Science and Hypothesis" H. Poincare formu- 
lated the following general principle: 

"The acceleration of a body depends only on its 
position and that of neighbouring bodies, and on their 
velocities. Mathematicians would say that the move- 
ments of all the material molecules of the universe 
depend on differential equations of the Seconal order. 
To make it clear that this is really generalisation of 
the law of inertia we may again have recourse to our 
imagination. The law of inertia, as I have said above, 
is not imposed on us 'priori; other laws would be just 
as compatible with the principle of sufficient reason. 
If body is not acted upon by a force, instead of sup- 
posing that its velocity is unchanged we may suppose 
that its position or its acceleration is unchanged. Let 
us for moment suppose that one of these two laws is a 
law of nature, and substitute it for the law of inertia: 
what will be the natural generalisation ? moment 's re- 
flection will show us. In the first case, we may suppose 
that the velocity of body depends only on its position 
and that of neighbouring bodies; in the second case, 
that the variation of the acceleration of body depends 
only on the position of the body and of neighbouring 
bodies, on their velocities and accelerations; or, in 
mathematical terms, the differential equations of the 
motion would be of the first order in the first case and 
of the third order in the second". 

Newton formulated the second law of mechanics as follows: 

"The alteration of motion is ever proportional to 
the motive force impressed; and is made in the di- 
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rection of the right line in which that force is impressed" . 

And, finally, the Newton's third law of mechanics: 

"To every Action there is always opposed an equal 
Reaction: or the mutual actions of two bodies upon 
each other are always equal, and directed to contrary 
parts ". 

On the basis of these laws of mechanics, in the case of central 
forces, the equations for a system of two particles in a reference 
system "at rest" are: 



d 2 r 2 _ f 2 - fx 

M 2 -— = -F(|r 2 -ri|)- 



(2.2) 



dt 2 " |r 2 — rj 



Here M 1 and M 2 are the respective masses of the first and second 
particles, r x is the vector radius of the first particle, f 2 is the vector 
radius of the second particle. The function F reflects the character 
of the forces acting between bodies. 

In Newtonian mechanics, mostly forces of two types are con- 
sidered: of gravity and of elasticity. 

For the forces of Newtonian gravity 

F{ \r 2 - n. ) = G— — , (2.3) 

\r 2 — r\\ A 

G is the gravitational constant. 

For elasticity forces Hooke's law is 

F(\r 2 - n\) = k\r 2 - n\, (2.4) 



k is the elasticity coefficient. 
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2. Classical Newtonian mechanics 



Newton's equations are written in vector form, and, consequ- 
ently, they are independent of the choice of three-dimensional ref- 
erence system. From equations (2.2) it is seen that the momentum 
of a closed system is conserved. 

As it was earlier noted, Newton considered equations (2.2) to 
hold valid only in a reference system at rest. But, if one takes 
a reference system moving with respect to the one at rest with a 
constant velocity v 

f' — f — vt, (2.5) 

it turns out that equations (2.2) are not altered, i. e. they remain 
form-invariant, and this means that no mechanical phenom- 
ena could permit to ascertain whether we are in a state of rest 
or of uniform and rectilinear motion. This is the essence of the 
relativity principle first discovered by Galileo. The transfor- 
mations (2.5) have been termed Galilean. 

Since the velocity v in (2.5) is arbitrary, there exists an infinite 
number of reference systems, in which the equations retain their 
form. This means, that in each reference system the law of inertia 
holds valid. If in any one of these reference systems a body is in a 
state of rest or in a state of uniform and rectilinear motion, then in 
any other reference system, related to the first by transformation 
(2.5), it will also be either in a state of uniform rectilinear motion 
or in a state of rest. 

All such reference systems have been termed inertial. The 
principle of relativity consists in conservation of the form of 
the equations of mechanics in any inertial reference system. 
We are to emphasize that in the base of definition of an inertial 
reference system lies the law of inertia by Galileo. According 
to it in the absence of forces a body motion is described by linear 
functions of time. 

But how has an inertial reference system to be defined? Newto- 
nian mechanics gave no answer to this question. Nevertheless, the 
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reference system chosen as such an inertial system had its origin 
at the center of the Sun, while the three axes were directed toward 
distant stars. 

In classical Newtonian mechanics time is independent of the 
choice of reference system, in other words, three-dimensional space 
and time are separated, they do not form a unique four-dimensional 
continuum. 

Isaac Newton's ideas concerning absolute space and absolute 
motion were criticized in the 19-th century by Ernst Mach. Mach 
wrote: 

'Wo one is competent to predicate things about ab- 
solute space and absolute motion; they are pure things 
of thought, pure mental constructs, that cannot be pro- 
duced in experience ". 

And further: 

"Instead, now, of referring a moving body K to 
space (that is to say to a system of coordinates) let us 
view directly its relation to the bodies of the universe, 
by which alone a system of coordinates can be deter- 
mined. 

. . . even in the simplest case, in which apparently we 
deal with the mutual action of only two masses, the 
neglecting of the rest of the world is impossible. . . .If 
a body rotates with respect to the sky of motionless 
stars, then there arise centrifugal forces, while if it ro- 
tates around another body, instead of the sky of mo- 
tionless stars, no centrifugal forces will arise. I have 
nothing against calling the first revolution abslute, if 
only one does not forget that this signifies nothing but 
revolution relative to the sky of motionless stars ". 
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2. Classical Newtonian mechanics 



Therefore Mach wrote: 

". . . there is no necessity for relating the Law of iner- 
tia to some special absolute space ". 

All this is correct, since Newton did not define the relation 
of an inertial reference system to the distribution of matter, and, 
actually, it was quite impossible, given the level of physics devel- 
opment at the time. By the way, Mach also did not meet with 
success. But his criticism was useful, it drew the attention of sci- 
entists to the analysis of the main concepts of physics. 

Since we shall further deal with field concepts, it will be useful 
to consider the methods of analytical mechanics developed during 
the 18-th and 19-th centuries. Their main goal, set at the time, 
consisted in finding the most general formulation for classical me- 
chanics. Such research turned out to be extremely important, since 
it gave rise to methods that were later quite readily generalized to 
systems with an infinite number of degrees of freedom. Precisely 
in this way was a serious theoretical start created, that was suc- 
cessfully used of in the 19-th and 20-th centuries. 

In his "Analytic Mechanics", published in 1788, Joseph La- 
grange obtained his famous equations. Below we shall present 
their derivation. In an inertial reference system, Newton's equa- 
tions for a set of iV material points moving in a potential field U 
have the form 



m -^f = -7^> a — 1,2, . . . , N. (2.6) 
at or n 



a 



dv a dll 
In our case the force f a is 

fc = (2-7) 

To determine the state of a mechanical system at any moment of 
time it is necessary to give the coordinates and velocities of all 
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the material points at a certain moment of time. Thus, the state 
of a mechanical system is fully determined by the coordinates and 
velocities of the material points. In a Cartesian reference system 
Eqs. (2.6) assume the form 

dvl ,i dv 2 a , 2 dvl 3 ox 

If one passes to another inertial reference system and makes 
use of coordinates other than Cartesian, then it is readily seen that 
the equations written in the new coordinates differ essentially in 
form from equations (2.8). Lagrange found for Newton's mechan- 
ics such a covariant formulation for the equations of motion that 
they retain their form, when transition is made to new variables. 

Let us introduce, instead of coordinates r a , new generalized 
coordinates q x , A = 1,2, ... ,n, here n = 3N. Let us assume 
relations 

f a = f a (q 1 ,...,q n ,t). (2.9) 
After scalar multiplication of each equation (2.6) by vector 

dr a 



dq x 

and performing addition we obtain 



(2.10) 



(j dr a dU dr a 
^ ,€r ~j7~ ' ~p. = ' "o ' A = l,2, ...,n. (2.11) 

dt dq x or a dq x 

Here summation is performed over identical indices a. 
We write the left-hand part of equation (2. 1 1) as 



d 
~dt 



_ df 



dqx 



_ d ( 'dr. 



dt \dq. 



(2.12) 



Since 

df a dr a . df a 
V ° = ^ = dq-. qX + ^ 
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hence, differentiating (2. 13) with respect to q\ we obtain the equal- 
ity 



dq x dq x ' 

Differentiating (2.13) with respect to q v we obtain 

dv a d 2 f a d 2 f a 
qx + 



dq v dq v dq x 
But, on the other hand, we have 



dtdq v 



d ( dr n 



d 2 r, 



dt \dq v J dq v dq x 
Comparing (2.15) and (2.16) we find 

d ( df a \ dv, 



d 2 r a 
dtdq u 



(2.14) 



(2.15) 



(2.16) 



dt \dq u 



dq u 



(2.17) 



In formulae (2.13), (2.15) and (2.16) summation is performed over 
identical indices A. 

Making use of equalities (2.14) and (2.17) we represent ex- 
pression (2.12) in the form 



d 
It 



_d_ 

dqx 



m a vl 



_d_ 

dqx 



m a v 2 a 



(2.18) 



Since (2.18) is the left-hand part of equations (2.11) we obtain 
Lagrangian equations 



d_ (dT\ _ dT_ _ dU 



X = 1,2,. 



dt \dqxj dq x dq x 
Here T is the kinetic energy of the system of material points 



(2.19) 



T 



m a vl 



(2.20) 
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summation is performed over identical indices a. If one introduces 
the Lagrangian function L as follows 

L = T-U, (2.21) 

then the Lagrangian equations assume the form 

d ( dL\ dL 

The state of a mechanical system is fully determined by the 
generalized coordinates and velocities. The form of Lagrangian 
equations (2.22) is independent of the choice of generalized co- 
ordinates. Although these equations are totally equivalent to the 
set of equations (2.6), this form of the equations of classical me- 
chanics, however, turns out to be extremely fruitful, since it opens 
up the possibility of its generalization to phenomena which lie far 
beyond the limits of classical mechanics. 

The most general formulation of the law of motion of a me- 
chanical system is given by the principle of least action (or the 
principle of stationary action). The action is composed as follows 

S = J L(q,q)dt. (2.23) 

The integral (functional) (2.23) depends on the behaviour of func- 
tions q and q within the given limits. Thus, these functions are 
functional arguments of the integral (2.23). The least action prin- 
ciple is written in the form 



«2 

5S = 5 J L(q, q)dt = 0. 



(2.24) 
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The equations of motion of mechanics are obtained from (2.24) by 
varying the integrand expression 

*2 

BL BL \ 

—5q+—5q)dt = 0. (2.25) 
Bq Bq I 



Here 5q and 5q represent infinitesimal variations in the form of the 
functions. The variation commutes with differentiation, so 

Sq=j t (Sq). (2.26) 
Integrating by parts in the second term of (2.25) we obtain 

*2 *2 



ss = a p q 

Bq 



Since the variations Sq at points ti and £ 2 are zero, expression 
(2.27) assumes the form 



*2 



The variation 5q is arbitrary within the interval of integration, so, 
by virtue of the main lemma of variational calculus, from here the 
necessary condition for an extremum follows in the form of the 
equality to zero of the variational derivative 

« ^_4^| =0 . (2.29) 



Sq Bq dt \ Bq 



Such equations were obtained by Leonard Euler in the course of 
development of variational calculus. For our choice of function L, 
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these equations in accordance with (2.21) coincide with the La- 
grangian equations. 

From the above consideration it is evident that mechanical mo- 
tion satisfying the Lagrangian equations provides for extremum of 
the integral (2.23), and, consequently, the action has a stationary 
value. 

The application of the Lagrangian function for describing a 
mechanical system with a finite number of degrees of freedom 
turned out to be fruitful, also, in describing a physical field po- 
ssessing an infinite number of degrees of freedom. In the case of 
a field, the function tp describing it depends not only on time, but 
also on the space coordinates. This means that, instead of the vari- 
ables q a , Qfj of a mechanical system, it is necessary to introduce 
dtp 

the variables ipix"), -^—r. Thus, the field is considered as a me- 

dx x 

chanical system with an infinite number of degrees of freedom. 
We shall see further (Sections 10 and 15) how the principle of 
stationary action is applied in electrodynamics and classical field 
theory. 

The formulation of classical mechanics within the framework 
of Hamiltonian approach has become very important. Consider a 
certain quantity determined as follows 

H = p a q a - L, (2.30) 

and termed the Hamiltonian. In (2.30) summation is performed 
over identical indices a. We define the generalized momentum 

as follows: 

dL 

Pa = ~77~. • (2.31) 

Find the differential of expression (2.30) 

dL dL dL 

dH = p a dq a + q a dp a - -^—dq a - -r—dq a - —dt. (2.32) 

dq a dq a dt 
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Making use of (2.31) we obtain 

dH = q a dp a - ^dq a - ^-dt. (2.33) 
dq a at 

On the other hand, if is a function of the independent variables 
q a , p a and t, and therefore 

, TT dH , 8H , dH , 

= — d g<T + — + — dt. (2.34) 

dq a dp a dt 

Comparing (2.33) and (2.34) we obtain 

. _ dH_ d] ± _ _dH_ dL _ _dH_ 

^ a dp a ' dq a dq a ' dt dt 

These relations were obtained by transition from independent vari- 
ables q a , q a and t to independent variables q a , p a and t. 

Now, we take into account the Lagrangian equations (2.22) in 
relations (2.35) and obtain the Hamiltonian equations 

dH dH 

qa = , Pa = -TT- ■ (2.36) 

dp a dq a 
When the Hamiltonian H does not depend explicitly on time, 

dH 

~St = °' (137) 

we have 

dH dH dH 

-7T = ~p\ Qa + J— Pa- (2.38) 

dt dq a dp a 

Taking into account equations (2.36) in the above expression, we 
obtain 
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this means that the Hamiltonian remains constant during the moti- 
on. 

We have obtained the Hamiltonian equations (2.36) making 
use of the Lagrangian equations. But they can be found also di- 
rectly with the aid of the least action principle (2.24), if, as L, we 
take, in accordance with (2.30), the expression 

L = Pa<ia - H, 




Since variations 8q a at the points ti and t 2 are zero, while inside 
the interval of integration variations 5q a , 5p a are arbitrary, then, 
by virtue of the main lemma of variational calculus, we obtain the 
Hamiltonian equations 

OH . _dH 

Qcr 7^ j Pa 7^ • 

op a oq a 

If during the motion the value of a certain function remains con- 
stant 

f(q,p,t) = const, (2.40) 

then it is called as integral of motion. Let us find the equation of 
motion for function /. 

Now we take the total derivative with respect to time of ex- 
pression (2.40): 

df df df . Of. 

17 = ^7 + o — + -^—P° = °- ( 2 - 41 ) 
dt at oq a op a 
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Substituting the Hamiltonian equations (2.36) into (2.41), we ob- 
tain 

df df dH df dH 



dt + dq a dp a dp a dq a 



(2.42) 



The expression 



(f,g) 



df 


df 










dq a 




_ d f 


dg 


df 


dg 


dg 


dg 


dq a 


dp a 


dpa 


dq a 


dq„ 


9pa 











(2.43) 



has been termed the Poisson bracket. In (2.43) summation is per- 
formed over the index a. 

On the basis of (2.43), Eq. (2.42) for function / can be written 
in the form 

9f 



Poisson brackets have the following properties 



(2.44) 



(f,g) = -(g,f), 

(fi + f2,g) = (fi,g) + (f2,g), 

(hf2,g) = fi{f2,g) + h{h,g), 



(2.45) 



(/, (g, h)) + (g, (h, /)) + (h, (/, g)) = 0. (2.46) 
Relation (2.46) is called the Jacobi identity. On the basis of (2.43) 

(/,?.) = ~, (f,P*) = ¥- (2-47) 
dp a dq a 

Hence we find 

(Q\,Q<t) = 0, (p\,Pa) = 0, (q\,Pa) = S X a- (2.48) 
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In the course of development of the quantum mechanics, by 
analogy with the classical Poisson brackets (2.43), there originated 
quantum Poisson brackets, which also satisfy all the conditions 
(2.45), (2.46). The application of relations (2.48) for quantum 
Poisson brackets has permitted to establish the commutation re- 
lations between coordinates and momenta. 

The discovery of the Lagrangian and Hamiltonian methods in 
classical mechanics permitted, at the time, to generalize and ex- 
tend them to other physical phenomena. The search for various 
representations of the physical theory is always extremely impor- 
tant, since on their basis the possibility may arise of their general- 
ization for describing new physical phenomena. Within the depths 
of the theory created there may be found formal sprouts of the fu- 
ture theory. The experience of classical and quantum mechanics 
bears witness to this assertion. 
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3. Electrodynamics. Space-time geometry 

Following the discoveries made by Faraday in electromagnetism, 
Maxwell combined magnetic, electric and optical phenomena and, 
thus, completed the construction of electrodynamics by writing 
out his famous equations. 

H. Poincare in the book "The Value of Science" wrote the 
following about Maxwell's studies: 

"At the time, when Maxwell initiated his studies, 
the laws of electrodynamics adopted before him ex- 
plained all known phenomena. He started his work 
not because some new experiment limited the impor- 
tance of these laws. But, considering them from a 
new standpoint, Maxwell noticed that the equations 
became more symmetric, when a certain term was in- 
troduced into them, although, on the other hand, this 
term was too small to give rise to phenomena, that 
could be estimated by the previous methods. 

A priori ideas of Maxwell are known to have waited 
for their experimental confirmation for twenty years; 
if you prefer another expression, — Maxwell antici- 
pated the experiment by twenty years. How did he 
achieve such triumph? 

This happened because Maxwell was always full of 
a sense of mathematical symmetry ..." 

According to Maxwell there exist no currents, except closed 
currents. He achieved this by introducing a small term — a dis- 
placement current, which resulted in the law of electric charge 
conservation following from the new equations. 

In formulating the equations of electrodynamics, Maxwell ap- 
plied the Euclidean geometry of three-dimensional space and ab- 
solute time, which is identical for all points of this space. Guided 
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by a profound sense of symmetry, he supplemented the equations 
of electrodynamics in such a way that, in the same time explaining 
available experimental facts, they were the equations of electro- 
magnetic waves. He, naturally, did not suspect that the informa- 
tion on the geometry of space-time was concealed in the equa- 
tions. But his supplement of the equations of electrodynamics 
turned out to be so indispensable and precise, that it clearly led 
H. Poincare, who relied on the work of H. Lorentz, to the discov- 
ery of the pseudo-Euclidean geometry of space-time. Below, we 
shall briefly describe, how this came about. 

In the same time we will show that the striking desire of some 
authors to prove that H. Poincare "has not made the decisive step" 
to create the theory of relativity is based upon both misunderstand- 
ing of the essence of the theory of relativity and the shallow knowl- 
edge of Poincare works. We will show this below in our comments 
to such statements. Just for this reason in this book I present re- 
sults, first discovered and elucidated by the light of consciousness 
by H. Poincare, minutely enough. Here the need to compare the 
content of A. Einstein's work of 1905 both with results of publi- 
cations [2, 3] by H. Poincare, and with his earlier works naturally 
arises. After such a comparison it becomes clear what new each 
of them has produced. 

How could it be happened that the outstanding research of 
Twentieth Century — works [2,3] by H. Poincare — were used 
in many ways at in the same time were industriously consigned 
to oblivion? It is high time at least now, a hundred years later, to 
return everyone his property. It is also our duty. 

Studies of the properties of the equations of electrodynamics 
revealed them not to retain their form under the Galilean trans- 
formations (2.5), i.e. not to be form-invariant with respect to 
Galilean transformations. Hence the conclusion follows that the 
Galilean relativity principle is violated, and, consequently, the ex- 
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perimental possibility arises to distinguish between one inertial 
reference system and another with the aid of electromagnetic or 
optical phenomena. However, various experiments performed, es- 
pecially Michelson's experiments, showed that it is impossible to 
find out even by electromagnetic (optical) experiments, with a pre- 
cision up to (f/c) 2 , whether one is in a state of rest or of uniform 
and rectilinear motion. H. Lorentz found an explanation for the re- 
sults of these experiments, as H. Poincare noted, "only by piling 
up hypotheses". 

In his book "Science and Hypothesis" (1902) H. Poincare 
noted: 

"And now allow me to make a digression; I must 
explain why I do not believe, in spite of Lorentz, that 
more exact observations will ever make evident any- 
thing else but the relative displacements of material 
bodies. Experiments have been made that should have 
disclosed the terms of the first order; the results were 
nugatory. Could that have been by chance? No one 
has admitted this; general explanation was sought, 
and Lorentz found it. He showed that the terms of 
the first order should cancel each other, but not the 
terms of the second order. Then more exact experi- 
ments were made, which were also negative; neither 
could this be the result of chance. An explanation was 
necessary, and was forthcoming; they always are; hy- 
potheses are what we lack the least. But this is not 
enough. Who is there who does not think that this 
leaves to chance far too important role? Would it not 
also be chance that this singular concurrence should 
cause certain circumstance to destroy the terms of the 
first order, and that totally different but very oppor- 
tune circumstance should cause those of the second 
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order to vanish? No; the same explanation must be 
found for the two cases, and everything tends to show 
that this explanation would serve equity well for the 
terms of the higher order, and that the mutual destruc- 
tion of these terms will be rigorous and absolute". 

In 1904, on the basis of experimental facts, Henri Poincare 
generalized the Galilean relativity principle to all natural pheno- 
mena. He wrote HI: 

"The principle of relativity, according to which the 
laws of physical phenomena should be the same, whe- 
ther to an observer fixed, or for an observer carried 
along in a uniform motion of translation, so that we 
have not and could not have any means of discover- 
ing whether or not we are carried along in such a mo- 
tion ". 

Just this principle has become the key one for the subsequent 
development of both electrodynamics and the theory of relativity. 
It can be formulated as follows. The principle of relativity is the 
preservation of form by all physical equations in any inertial 
reference system. 

But if this formulation uses the notion of the inertial reference 
system then it means that the physical law of inertia by Galilei is al- 
ready incorporated into this formulation of the relativity principle. 
This is just the difference between this formulation and formula- 
tions given by Poincare and Einstein. 

Declaring this principle Poincare precisely knew that one of 
its consequences was the impossibility of absolute motion, be- 
cause all inertial reference systems were equitable. It follows 
from here that the principle of relativity by Poincare does not re- 
quire a denial of ether in general, it only deprives ether of rela- 
tion to any system of reference. In other words, it removes the 
ether in Lorentz sense. Poincare does not exclude the concept 
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of ether because it is difficult to imagine more absurd thing than 
empty space. Therefore the word ether, which can be found in the 
Poincare articles even after his formulation of the relativity prin- 
ciple, has another meaning, different of the Lorentz ether. Just 
this Poincare's ether has to satisfy the relativity principle. Also 
Einstein has come to the idea of ether in 1920. 

In our time such a role is played by physical vacuum. Namely 
this point is up to now not understood by some physicists (we keep 
silence about philosophers and historians of science). So they er- 
roneously attribute to Poincare the interpretation of relativity prin- 
ciple as impossibility to register the translational uniform motion 
relative to ether. Though, as the reader can see, there is no the 
word "ether" in the formulation of the relativity principle. 

One must distinguish between the Galilean relativity prin- 
ciple and Galilean transformations. While Poincare extended 
the Galilean relativity principle to all physical phenomena with- 
out altering its physical essence, the Galilean transformations 
turned out to hold valid only when the velocities of bodies are 
small as compared to the velocity of light. 

Applying this relativity principle to electrodynamical pheno- 
mena in ref.[3], H. Poincare wrote: 

"This impossibility of revealing experimentally the 
Earth's motion seems to represent a general law of 
Nature; we naturally come to accept this law, which 
we shall term the relativity postulate, and to accept it 
without reservations. It is irrelevant, whether this pos- 
tulate, that till now is consistent with experiments, will 
or will not later be confirmed by more precise mea- 
surements, at present, at any rate, it is interesting to 
see, what consequences can be deduced from it". 

In 1904, after the critical remarks made by Poincare, H. Lo- 
rentz made a most important step by attempting again to write 
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electrodynamics equations in a moving reference system and show- 
ing that the wave equation of electrodynamics remained unal- 
tered (form-invariant) under the following transformations of the 
coordinates and time: 

X' = >y(X-vT), T' = 1 (t-^X^J,Y' = Y, Z' = Z , (3.1) 

Lorentz named T' as the modified local time in contrast to local 
time r = T'/7 introduced earlier in 1895; 

7 = -/=?• (3 ' 2) 
V 1 " 

where c is the electrodynamic constant. 

H. Poincare termed these transformations the Lorentz transfor- 
mations. The Lorentz transformations, as it is evident from (3.1), 
are related to two inertial reference systems. H. Lorentz did not 
establish the relativity principle for electromagnetic phenomena, 
since he did not succeed in demonstrating the form-invariance of 
all the Maxwell-Lorentz equations under these transformations. 

From formulae (3.1) it follows that the wave equation being 
independent of translational uniform motion of the reference sys- 
tem is achieved only by changing the time. Hence, the conclusion 
arises, naturally, that for each inertial reference system it is neces- 
sary to introduce its own physical time. 

In 1907, A. Einstein wrote on this: 

^Surprisingly, however, it turned out that a suffi- 
ciently sharpened conception of time was all that was 
needed to overcome the difficulty discussed. One had 
only to realize that an auxiliary quantity introduced by 
H.A. Lorentz, and named by him "local time", could 
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be defined as "time " in general. If one adheres to this 
definition of time, the basic equations of Lorentz 's, 
theory correspond to the principle of relativity . . . >> 

Or, speaking more precisely, instead of the true time there arose 
the modified local time by Lorentz different for each inertial ref- 
erence system. 

But H. Lorentz did not notice this, and in 1914 he wrote on that 
in detailed article "The two papers by Henri Poincare on mathe- 
matical physics": 

"These considerations published by myself in 1904, 
have stimulated Poincare to write his article on the 
dynamics of electron where he has given my name to 
the just mentioned transformation. I have to note as 
regards this that a similar transformation have been 
already given in an article by Voigt published in 1887 
and I have not taken all possible benefit from it. In- 
deed I have not given the most appropriate transfor- 
mation for some physical quantities encountered in 
the formulae. This was done by Poincare and later 
by Einstein and Minkowski. . . . I had not thought of 
the straight path leading to them, since I considered 
there was an essential difference between the refer- 
ence systems x, y, z, t and x', y', z', t'. In one of them 
were used — such was my reasoning — coordinate 
axes with a definite position in ether and what could 
be termed true time; in the other, on the contrary, 
one simply dealt with subsidiary quantities introduced 
with the aid of a mathematical trick. Thus, for in- 
stance, the variable t' could not be called time in the 
same sense as the variable t. Given such reasoning, 
I did not think of describing phenomena in the refer- 
ence system x',y',z', t' in precisely the same way, as 
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in the reference system x,y, z,t . . . I later saw from the 
article by Poincare that, if I had acted in a more sys- 
tematic manner, I could have achieved an even more 
significant simplification. Having not noticed this, I 
was not able to achieve total invariance of the equa- 
tions; my formulae remained cluttered up with excess 
terms, that should have vanished. These terms were 
too small to influence phenomena noticeably, and by 
this fact I could explain their independence of the 
Earth's motion, revealed by observations, but I did 
not establish the relativity principle as a rigorous and 
universal truth. On the contrary, Poincare achieved 
total invariance of the equations of electrodynamics 
and formulated the relativity postulate — a term first 
introduced by him . . . I may add that, while thus cor- 
recting the defects of my work, he never reproached 
me for them. 

I am unable to present here all the beautiful results 
obtained by Poincare. Nevertheless let me stress some 
of them. First, he did not restrict himself by demon- 
stration that the relativistic transformations left the 
form of electromagnetic equations unchangeable. He 
explained this success of transformations by the op- 
portunity to present these equations as a consequence 
of the least action principle and by the fact that the 
fundamental equation expressing this principle and 
the operations used in derivation of the field equations 
are identical in systems x,y,z,t and x', y', z', t'. . . 
There are some new notions in this part of the article, 
I should especially mark them. Poincare notes, for ex- 
ample, that in consideration of quantities x, y, z, 
as coordinates of a point in four-dimensional space 
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the relativistic transformations reduces to rotations in 
this space. He also comes to idea to add to the three 
components X, Y, Z of the force a quantity 

T = Xi + Y V + Z(, 

which is nothing more than the work of the force at 
a unit of time, and which may be treated as a fourth 
component of the force in some sense. When dealing 
with the force acting at a unit of volume of a body the 
relativistic transformations change quantities X, Y, Z, 
T\J —\ in a similar way to quantities x, y, z, tyf—1. 
I remind on these ideas by Poincare because they are 
closed to methods later used by Minkowski and other 
scientists to easing mathematical actions in the theory 
of relativity 

As one can see, in the course of studying the article by Poincare, 
H. Lorentz sees and accepts the possibility of describing pheno- 
mena in the reference system x', y', z', t' in exactly the same 
way as in the reference system x, y, z, t, and that all this fully 
complies with the relativity principle, formulated by Poincare. 
Hence it follows that physical phenomena are identical, if they 
take place in identical conditions in inertial reference systems (x, y, 
z, t) and (V, y', z', t'), moving with respect to each other with a ve- 
locity v. All this was a direct consequence of the physical equa- 
tions not altering under the Lorentz transformations, that together 
with space rotations form a group. Precisely all this is contained, 
also, in articles by Poincare [2, 3]. 

H. Lorentz writes in 1915 in a new edition of his book "Theory 
of electrons", in comment 72*: 

"The main reason of my failure was I always thought 
that only quantity t could be treated as a true time and 
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that my local time t' was considered only as an aux- 
iliary mathematical value. In the Einstein theory, just 
opposite, t' is playing the same role as t. If we want 
to describe phenomena as dependent on x', y', z', t', 
then we should operate with these variables in just 
the same way as with x, y, z, t ". 

Compare this quotation with the detailed analysis of the Poincare 
article given by Lorentz in 1914. 

Further he demonstrates in this comment the derivation of ve- 
locity composition formulae, just in the same form as it is done 
in article [3] by Poincare. In comment 75* he discusses the trans- 
formation of forces, exploits invariant (3.22) in the same way as 
it is done by Poincare. The Poincare work is cited only in con- 
nection with a particular point. It is surprising but Lorentz in his 
dealing with the theory of relativity even does not cite Poincare 
articles [2; 3]. What may happen with Lorentz in the period af- 
ter 1914? How we can explain this? To say the truth, we are to 
mention that because of the war the Lorentz article written in 1914 
has appeared in print only in 1921. But it was printed in the same 
form as Lorentz wrote it in 1914. In fact he seems to confirm by 
this that his opinion has not been changed. But all this in the long 
run does not mean nothing substantial, because now we can 
ourselves examine deeper and in more detail who has done the 
work, what has been done and what is the level of this work, 
being informed on the modern state of the theory and compar- 
ing article of 1905 by Einstein to articles by Poincare. 

The scale of works can be better estimated from the time 
distance. Recollections of contemporaries are valuable for us as 
a testimony on how new ideas have been admitted by the physi- 
cal community of that time. But moreover one may obtain some 
knowledge on the ethic of science for some scientists, on group 
interests, and maybe even something more, which is absolutely 
unknown to us. 



32 



3. Electrodynamics 



It is necessary to mention that Lorentz in his article of 1904 in 
calculating his transformations has made an error and as a result 
Maxwell-Lorentz equations in a moving reference frame have be- 
come different than electrodynamics equations in the rest frame. 
These equations were overloaded by superfluous terms. But Lo- 
rentz has not been troubled by this. He would easily see the error if 
he were not keep away of the relativity principle. After all, just 
the relativity principle requires that equations have to be the same 
in both two reference frames. But he singled out one reference 
frame directly connected with the ether. 

Now, following the early works of H. Poincare we shall deal 
with the definition of simultaneity, on the synchronization of clocks 
occupying different points of space, and we shall clarify the physi- 
cal sense of local time, introduced by Lorentz. In the article "Me- 
asurement of time", published in 1898, Poincare discusses the 
issue of time measurement in detail. This article was especially 
noted in the book "Science and hypothesis" by Poincare, and, 
therefore, it is quite comprehensible to an inquisitive reader. 

In this article, for instance the following was said: 

" But let us pass to examples less artificial; to un- 
derstand the definition implicitly supposed by the sa- 
vants, let us watch them at work and look for the rules 
by which they investigate simultaneity. . . . 

When an astronomer tells me that some stellar phe- 
nomenon, which his telescope reveals to him at this 
moment, happened, nevertheless, fifty years ago, I seek 
his meaning, and to that end I shall ask him first how 
he knows it, that is, how he has measured the velocity 
of light. 

He has begun by supposing that light has a con- 
stant velocity, and in particular that its velocity is 
the same in all directions. That is a postulate with- 
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out which no measurement of this velocity could be 
attempted. This postulate could never be verified di- 
rectly by experiment; it might be contradicted by it 
if the results of different measurements were not con- 
cordant. We should think ourselves fortunate that this 
contradiction has not happened and that the slight 
discordances which may happen can be readily ex- 
plained. 

The postulate, et all events, resembling the princi- 
ple of sufficient reason, has been accepted by every- 
body; what I wish to emphasize is that it furnishes us 
with a new rule for the investigation of simultane- 
ity, (singled out by me. — A.L.) entirely different from 
that which we have enunciated above ". 

It follows from this postulate that the value of light veloc- 
ity does not depend on velocity of the source of this light. This 
statement is also a straightforward consequence of Maxwell elec- 
trodynamics. The above postulate together with the relativity 

principle formulated by H. Poincare in 1904 for all physical phe- 
nomena precisely become the initial statements in Einstein work 
of 1905. 

Lorentz dealt with the Maxwell-Lorentz equations in a "moti- 
onless" reference system related to the ether. He considered the 
coordinates X, Y, Z to be absolute, and the time T to be the true 
time. 

In a reference system moving along the X axis with a velocity 
v relative to a reference system "at rest", the coordinates with re- 
spect to the axes moving together with the reference system have 
the values 

x = X-vT, y = Y, z = Z, (3.3) 
while the time in the moving reference system was termed by Lo- 
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rentz local time (1895) and defined as follows: 




(3.4) 



He introduced this time so as to be able, in agreement with experi- 
mental data, to exclude from the theory the influence of the Earth's 
motion on optical phenomena in the first order over v/c. 

This time, as he noted, "was introduced with the aid of a 
mathematical trick". The physical meaning of local time was 
uncovered by H. Poincare. 

In the article "The theory of Lorentz and the principle of 
equal action and reaction", published in 1900, he wrote about 
the local time r, defined as follows (Translation from French by 
V. A.Petrov): 

"I assume observers, situated at different points, to 
compare their clocks with the aid of light signals; they 
correct these signals for the transmission time, but, 
without knowing the relative motion they are under- 
going and, consequently, considering the signals to 
propagate with the same velocity in both directions, 
they limit themselves to performing observations by 
sending signals from A to B and, then, from B to A. 
The local time r is the time read from the clocks thus 
controlled. Then, if c is the velocity of light, and v is 
the velocity of the Earth 's motion, which I assume to 
be parallel to the positive X axis, we will have: 



t=T--X 



(3.5) 



Taking into account (3.3) in (3.5) we obtain 




(3.6) 
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The velocity of light in a reference system "at rest" is c. In a 
moving reference system, in the variables x, T, it will be equal, in 
the direction parallel to the X axis, to 

c-v (3.7) 

in the positive, and 

c + v (3.8) 

— in the negative direction. 

This is readily verified, if one recalls that the velocity of light 
in a reference system "at rest" is, in all directions, equal to c, i. e. 

2 fdX\ 2 fdY\ 2 (dZ\ 2 

c =UJ + {^) + {^) • (A) 

In a moving reference system x = X — v T the upper expression 
assumes, in the variables x, T, the form 

2 fdx V (dY\ 2 (dZ x2 

c ={dT +v ) + {-dr) + {dT 

Hence it is evident that in a moving reference system the coordi- 

dx 

nate velocity of a light signal parallel to the X axis — is given as 

dT 

follows 

dx 

—— — c — V 
dT 

in the positive direction, 

dx 

—— — c + v 
dT 

— in the negative direction. 

The coordinate velocity of light in a moving reference system 
along the Y or Z axis equals the quantity 
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We note that if we had made use of the Lorentz transformations 
inverse to (3.1), then taking into account the equality 

cV [dT 1 + ^dX'y - 7 2 (dX' + vdT'f = c 2 {dT'f - {dX')\ 
we would have obtained from Eq. (A)the expression 
2 fdX'V (dY'V fdZ'V 

which would signify that the velocity of light equals c in all direc- 
tions in a moving reference system, too. Let us mention also that 
the light cone equation remains the same after multiplying r.h.s. of 
Eqs. (3.1) (Lorentz transformations ) by arbitrary function (j)(x). 
The light cone equation preserves its form under conformal trans- 
formations. 

Following Poincare, we shall perform synchronization of the 
clocks in a moving reference system with the aid of Lorentz's local 
time. Consider a light signal leaving point A with coordinates 
(0, 0, 0) at the moment of time r a : 

r a = T (l - . (3.9) 

This signal will arrive at point B with coordinates (x, 0, 0) at the 
moment of time r b 




(3.10) 



Here, we have taken into account the transmission time of the sig- 
nal from A to B. The signal was reflected at point B and arrived 
at point A at the moment of time r' a 

<=(T + ^ + ^-)(l- V 4)=T b+ *. (3.11) 
\ c — V C + V J \ c z J c 
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On the basis of (3.9), (3.11) and (3.10) we have 

T -^ = n- (3.12) 

Thus the definition of simultaneity has been introduced, which was 
later applied by A. Einstein for deriving the Lorentz transforma- 
tions. We have verified that the Lorentz "local time" (3.6) satisfies 
condition (3.12). Making use of (3.12) as the initial equation for 
defining time in a moving reference system, Einstein arrived at the 
same Lorentz "local time" (3.6) multiplied by an arbitrary func- 
tion depending only on the velocity v. From (3.10), (3.11) we see 
that in a reference system moving along the X axis with the local 
time r the light signal has velocity c along any direction parallel 
to the X axis. The transformations, inverse to (3.3) and (3.4), will 
be as follows 

v 

T -\- T 

2 X -r VT 

T = V, X = 2 , Y — y, Z = z. (3.13) 

v \ 
c 2 c 2 
Since the velocity of light in a reference system "at rest" is c, in 
the new variables r, x, y, z we find from Eqs. (A) and (3.13) 

2 f dx \ ( dy \ ( dz \ 22 



^{Tr) + {fr) + {Tr) (3 ' 14) 

We can see from the above that to have the velocity of light equal 
to c in any direction in the moving reference system, also, it is 
necessary to multiply the right-hand sides of transformations (3.3) 
and (3.4) for x and r by 7 and to divide the right-hand sides in 
transformations (3.13) for T and X by 7. Thus, this requirement 
leads to appearance of the Lorentz transformations here. 

H. Lorentz in 1899 used transformation of the following form 

X' = i(X -vT), Y' = Y, Z' = Z, T' = 7 2 (t - ^x) , 



38 



3. Electrodynamics 



to explain the Michelson experiment. The inverse transformations 
are 



X = 1 X' + vT', Y — Y', Z = Z', T = T'+— 7A 7 . 



If H. Lorentz would proposed the relativity principle for all phys- 
ical phenomena and required in this connection that a spherical 
wave should have the same form in unprimed and primed systems 
of reference, then he would come to Lorentz transformations. Let 
we have in unprimed system of reference 



then according to his formulae this expression in new variables is 
as follows 



We see that to guarantee the same form of a spherical wave in new 
variables as in the old ones it is necessary to change variable T' 
replacing it by new variable r 



After transition to the new variable we obtain Lorentz transforma- 
tions 



v 



C 2 T 2 _ X 2 _ Y 2 _ Z 2 = 0> 




and after some simplifications we obtain 
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and the inverse transformations 

X = 1 (X' + vt), Y = Y', Z = Z', T = 1 (t + ^X'Y 

But H. Lorentz has not seen this in 1899. He obtained these trans- 
formations in 1904 only, then he also came closely to the theory of 
relativity, but did not make the decisive step. Lorentz transforma- 
tions (3.1) were obtained in 1900 by Larmor. But he also did not 
propose the principle of relativity for all physical phenomena and 
did not require form-invariance of Maxwell equations under these 
transformations. Therefore Larmor also has not made a decisive 
step to construct the theory of relativity. 

Precisely the constancy of the velocity of light in any iner- 
tial reference system is what A. Einstein chose to underlie his ap- 
proach to the electrodynamics of moving bodies. But it is provided 
for not by transformations (3.3) and (3.4), but by the Lorentz trans- 
formations. 

A. Einstein started from the relativity principle and from the 
principle of constancy of the light velocity. Both principles were 
formulated as follows: 

<C 1 . The laws governing the changes of the state of 
any physical system do not depend on which one of 
two coordinate systems in uniform translational mo- 
tion relative to each other these changes of the state 
are referred to. 

2. Each ray of light moves in the coordinate sys- 
tem "at rest" with the definite velocity V independent 
of whether this ray of light is emitted by a body at rest 
or a body in motions. 

Let us note that Galilean principle of relativity is not included 
into these principles. 



40 



3. Electrodynamics 



It is necessary to specially emphasize that the principle of con- 
stancy of velocity of light, suggested by A. Einstein as the second 
independent postulate, is really a special consequence of require- 
ments of the relativity principle by H. Poincare. This principle was 
extended by him on all physical phenomena. To be convinced in 
this it is sufficient to consider requirements of the relativity prin- 
ciple for an elementary process — propagation of the electromag- 
netic spherical wave. We will discuss this later. 

In 1904, in the article "The present and future of mathema- 
tical physics", H. Poincare formulates the relativity principle for 
all natural phenomena, and in the same article he again returns to 
Lorentz's idea of local time. He writes: 

<^Let us imagine two observers, who wish to regu- 
late their watches by means of optical signals; they 
exchange signals, but as they know that the transmis- 
sion of light is not instantaneous, they are careful to 
cross them. When station B sees the signal from sta- 
tion A, its timepiece should not mark the same hour 
as that of station A at the moment the signal was sent, 
but this hour increased by constant representing the 
time of transmission. Let us suppose, for example, that 
station A sends it signal at the moment when its time- 
piece marks the hour zero, and that station B receives 
it when its time-piece marks the hour t. The watches 
will be set, if the time t is the time of transmission, 
and in order to verify it, station in turn sends signal 
at the instant when its time-piece is at zero; station 
must then see it when its time-piece is at t. Then the 
watches are regulated. 

And, indeed, they mark the same hour at the same 
physical instant, but under one condition, namely, that 
the two stations are stationary. Otherwise, the time 
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of transmission will not be the in the two directions, 
since the station , for example, goes to meet the dis- 
turbance emanating from , whereas station flees be- 
fore the disturbance emanating from A. Watches reg- 
ulated in this way, therefore, will not mark the true 
time; (the time in the reference system "at rest" — 
A.L.) they will mark what might be called the local 
time, so that one will gain on the other. It matters 
little, since we have means of perceiving it. All the 
phenomena which take place at , for example, will be 
behind time, but all just the amount, and the observer 
will not notice it since his watch is also behind time; 
thus, in accordance with the principle of relativity he 
will have means of ascertaining whether he is at rest 
or in absolute motion. Unfortunately this is not suffi- 
cient; additional hypotheses are necessary. We must 
admit that the moving bodies undergo a uniform con- 
traction in the direction of motion^. 

Such was the situation before the work of Lorentz, which also 
appeared in 1904. Here Lorentz presents again the transformations 
connecting a reference system "at rest" with a reference system 
moving with a velocity v relative to the one "at rest", which were 
termed by Poincare the Lorentz transformations. In this work, 
Lorentz, instead of the local time (3.4) introduced the time T', 
equal to 

T' = 7 r. (3.15) 

Lorentz called time T' as the modified local time. Precisely this 
time will be present in any inertial reference system in Galilean 
coordinates. It does not violate the condition of synchronization 
(3.12) 

Below we shall see following Lorentz that the wave equation 
does indeed not alter its form under the Lorentz transformations 
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(3.1). Let us check this. The wave equation of electrodynamics 
has the form: 




Q2 Q2 Q2 d - 



c 2 dt 2 dx 2 dy 2 d z 2 



= 0. (3.16) 



Here is a scalar function in four-dimensional space, which changes 
under coordinate-time transformations according to the rule (f)'(x') = 
4>(x), c is the electrodynamic constant, that has the dimension of 
velocity. 

Let us establish the form-invariance of the operator □ with res- 
pect to transformations (3.1). We represent part of the operator □ 
in the form 

1 d 2 2 ( 1 \ I J d , 

+ tt- ■ (3.17) 




c 2 dt 2 dx 2 \ c dt dx \ c dt dx 



We calculate the derivatives in the new coordinates, applying for- 
mulae (3.1) 

Id 1 dt' d 1 dx' d ( 1 d v d 
c dt c dt dt' c dt dx' \c<9t' c dx' 



d dt' d dx' d ( v d d 

dx dx dt' dx dx' ^ \ c 2 dt' dx' 



Hence we find 

Id d I v \ I 1 d d 




c dt dx \ c } \ c dt' dx 



(3.18) 



1 A + JL- [ i v ) ( 1 9 i 9 (3 19) 

c dt dx \ c J \ c dt' dx' ' 
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Substituting these expressions into (3.17) we obtain 

Id 2 d 2 1 d 2 d 2 
7? ' d¥ ~ ~d~£ ~ c* ' 'dV 2 "dx 71 ' 



(3.20) 



Taking into account that the variables y and z in accordance with 
(3.1) do not change, on the basis of (3.20) we have 
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d 2 


d 2 


d 2 


d 2 


dt 2 


dx 2 


dy 2 
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d 2 


d 2 


d 2 


c 2 ' 


dt' 2 


dx' 2 


dy' 2 



d 2 

dz 2 

d- 



(3.21) 



dz 



l2 



This means that the wave equation (3.16) remains form-invari- 
ant with respect to the Lorentz transformations (3.1). In other 
words, it is the same in both inertial reference systems. Hence, for 
instance, it follows that the velocity of a light wave equals c, both 
in a reference system "at rest" and in any other reference system 
moving relative to the one "at rest" with a velocity v. 

We have shown that the Lorentz transformations leave the ope- 
rator □ unaltered, i. e. they conserve the form-invariance of the 
wave equation. On the other hand, this computation can be con- 
sidered as an exact derivation of the Lorentz transformations based 
on the form-invariance of the operator □. 

In electrodynamics, the wave equation holds valid outside the 
source both for the scalar and vector potentials, <p and A, res- 
pectively. In this case, p is defined as a scalar with respect to 
three-dimensional coordinate transformations, and A is defined as 
a vector with respect to the same transformations. For the wave 
equation to be form-invariant under the Lorentz transformations it 
is necessary to consider the quantities ip and A as components of 
the four-dimensional vector A v = (ip, A) 



OA U = 0, i/ = 0, 1, 2, 3. 
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In 1905 Henri Poincare first established EJ|3|| the invariance of 
the Maxwell-Lorentz equations and of the equations of motion of 
charged particles under the action of the Lorentz force with respect 
to the Lorentz transformations (3.1) on the basis of the 1904 work 
by Lorentz, in which the Lorentz transformations were discovered, 
and on the relativity principle, formulated by Poincare in the same 
year for all natural phenomena. All the above will be demonstrated 
in detail in Sections 8 and 9. 

H. Poincare discovered that these transformations, together 
with spatial rotations form a group. He was the first to intro- 
duce the notion of four-dimensionality of a number of physical 
quantities. The discovery of this group together with quantum 
ideas created the foundation of modern theoretical physics. 

Poincare established that the scalar and vector potential (</?, A), 
the charge density and current (cp, pv) , the four- velocity (7, 7 if/e) , 
the work per unit time and force normalized to unit volume, (f,v/c, 

f) , as well as the four-force transform like the quantities (ct, x). 
The existence of the Lorentz group signifies that in all inertial ref- 
erence systems the Maxwell-Lorentz equations in Galilean coor- 
dinates remain form-invariant, i. e. the relativity principle is satis- 
fied. Hence it directly follows that the descriptions of phenomena 
are the same both in the reference system x, y, z, t and in the ref- 
erence system x', y', z', t', so, consequently, time t, like the other 
variables x, y, z, is relative. Thus, time being relative is a direct 
consequence of the existence of the group, which itself arises as 
a consequence of the requirement to fulfil the relativity principle 
for electromagnetic phenomena. The existence of this group led 
to the discovery of the geometry of space-time. 

H. Poincare discovered a number of invariants of the group 
and among these — the fundamental invariant 



J = C 2 T 2 - X 2 - Y 2 - Z 2 , 



(3.22) 



3. Electrodynamics 



45 



which arose in exploiting the Lorentz transformation. It testifies 
that space and time form a unique four-dimensional contin- 
uum of events with metric properties determined by the in- 
variant (3.22). The four-dimensional space-time discovered by 
H.Poincare, and defined by invariant (3.22), was later called the 
Minkowski space. Precisely this is the essence of special relativ- 
ity theory. This is why it is related to all physical phenomena. It is 
space-time determined by the invariant (3.22) that provides for the 
existence of physically equal inertial reference systems in Nature. 
However, as earlier in classical mechanics, it remains unclear, how 
the inertial reference systems are related to the distribution of mat- 
ter in the Universe. From expression (3.22) it follows that in any 
inertial reference system a given quantity J in Galilean (Cartesian) 
coordinates remains unaltered (form-invariant), while its projec- 
tions onto the axes change. Thus, depending on the choice of 
inertial reference system the projections X, Y, Z, T are relative 
quantities, while the quantity / for any given X, Y, Z, T has an 
absolute value. A positive interval J can be measured by a clock 
whereas a negative one — by a rod. According to (3.22), in differ- 
ential form we have 

(da) 2 = c 2 (dT) 2 - (dXf - (dYf - (dZf. (3.23) 

The quantity da is called an interval. 

The geometry of space-time, i. e. the space of events (the 
Minkowski space) with the measure (3.23) has been termed 
pseudo-Euclidean geometry. 

As it could be seen from the structure of invariant J, written 
in orthogonal (Galilean) coordinates, it is always possible to intro- 
duce a unique time T for all points of the three-dimensional space. 
This means that the three-dimensional space of a given inertial 
reference system is orthogonal to the lines of time. Since, as we 
shall see below, the invariant J in another inertial reference system 
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assumes the form (3 .27), it hence follows that in this reference sys- 
tem the unique time will already be different, it is determined by 
the variable T' . But length will change simultaneously. Thus, the 
possibility to introduce simultaneity for all the points of three-di- 
mensional space is a direct consequence of the pseudo-Euclidean 
geometry of the four-dimensional space of events. 

Drawing a conclusion to all the above, we see that H. Lorentz 
found the transformations (3.1), which conserve the form of the 
wave equation (3.16). On the basis of the relativity principle for all 
physical phenomena formulated by him in 1904 and of the Lorentz 
transformations, Henri Poincare established form-invariance of the 
Maxwell-Lorentz equations and discovered the pseudo-Euclide- 
an geometry of space-time, determined by the invariant (3.22) or 
(3.23). 

A short exposition of the detailed article [3] was given by 
H. Poincare in the reports to the French academy of sciences [2] 
and published even before the work by Einstein was submitted 
for publication. This paper contained a precise and rigorous de- 
scription of the solution to the problem of the electrodynamics of 
moving bodies and, at the same time, an extension of the Lorentz 
transformations to all natural forces, independently of their origin. 
In this publication H. Poincare discovered Lorentz group with ac- 
cordance to that a whole set of four-dimensional physical values 
transforming similar to t, x, y, z arose. The presence of Lorentz 
group automatically provides the synchronization of clocks in any 
inertial reference system. So the proper physical time arises in 
any inertial system of reference — the modified local time by 
Lorentz. In paper [2] relativistic formulae for adding velocities 
and the transformation law for forces arose for the first time. There 
existence of gravitational waves propagating with light velocity 
was predicted. 

It should be emphasized that just the discovery of Lorentz 
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group provided the uniformity of description of all physical effects 
in all the inertial reference systems in full accordance with the rel- 
ativity principle. Just all this automatically provided the relativity 
of time and length. 

H. Poincare discovered the invariant (3.22) on the basis of the 
Lorentz transformations (3.1). On the other hand, applying the 
invariant (3.22) it is easy to derive the actual Lorentz transforma- 
tions (3.1). Let the invariant J in an inertial reference system have 
the form (3.22) in Galilean coordinates. Now, we pass to another 
inertial reference system 



J = c 2 1 - - T 2 - 2xvT -x 2 - Y' 2 - Z' 2 . (3.25) 



x = X - vT, Y' = Y, 



z' = z, 



(3.24) 



then the invariant J assumes the form 




Hence we have 





xv 



(3.26) 



-x 2 1 + 




Y' 2 - Z 



72 



Expression (3.26) can be written in the form 

J = c 2 T' 2 - X' 2 - Y' 2 - Z 



■12 



(3.27) 



where 
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X' = = X - VT . (3.29) 



v 2 / v 2 



We see from expression (3.27) that the form-invariance of the 
invariant J is provided for by the Lorentz transformations (3.28) 
and (3.29). In deriving the Lorentz transformations from the ex- 
pression for the invariant (3.22) we took advantage of the fact that 
the invariant J may assume an arbitrary real value. Precisely this 
circumstance has permitted us to consider quantities T and X as 
independent variables, that can assume any real values. If we, 
following Einstein, knew only one value of J, equal to zero, we 
could not, in principle, obtain Lorentz transformations of the ge- 
neral form, since the space variables would be related to the time 
variable. 

In this case the following heuristic approach can be realized. 
The equation of spherical electromagnetic wave having its center 
in the origin of the coordinate system has the following form 

C 2 T 2 _ X 2 _ y2 _ Z 2 = Q) 

where c is the electrodynamic constant, if we use Galilean coordi- 
nates of the "rest" system of reference K. This fact follows from 
the Maxwell -Lorentz equations. 

Let us consider two inertial reference systems K and K' with 
Galilean coordinates moving relative to each other with velocity v 
along axis X. Let their origins coincide at the moment T = and 
let a spherical electromagnetic wave is emitted just at this moment 
from their common origin. In reference system K it is given by 
equation 

c 2 r 2 -x 2 -y 2 -z 2 = o. 



As system of reference K' is moving with velocity v, we can use 
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Galilean transformations 

x = X - vT, Y — Y', Z = Z' 

and rewrite the preceding equation of spherical wave in the fol- 
lowing form 

c 2 T 2 ^1 - ^ - 2xvT - x 2 - Y' 2 - Z' 2 = 0. 

The requirement of relativity principle here is reduced to necessity 
that the electromagnetic wave in a new inertial reference system 
K' has to be also spherical having its center at the origin of this 
reference system. 

Having this in mind we transform the above equation (as done 
before) to the following form 

c 2 T /2 _ x ,2 _ y,2 _ z a = Q 

So, we derive the Lorentz transformations. 

T n X X - vT 

T>= c 2 X'= Y' = Y, Z' = Z, 

but at the light cone only. 

Now, we go to the most important stuff. Let us treat variables 
T, X, Y, Z, appearing in the derived transformations as indepen- 
dent. Then after inserting these expressions into r.h.s. of equation 
(3.27) we can see that they leave quantity 

C 2 T 2 _ X 2 _ Y 2 _ Z 2 

unchanged due to the linear character of transformations. There- 
fore we come to the fundamental invariant J, and so to pseudo- 
Euclidean geometry of space-time. It follows from the above, in 
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particular, that velocity of light both in system K, and in system 
K' is the same and therefore the principle of constancy of velocity 
of light is a particular consequence of the relativity principle. Pre- 
cisely this circumstance remained unnoticed by A. Einstein in his 
1905 work, in which the Lorentz transformations were derived. 

Earlier we have shown, following Poincare, that Lorentz's "lo- 
cal time" permits to perform synchronization of clocks in a mov- 
ing reference system at different spatial points with the aid of a 
light signal. Precisely expression (3.12) is the condition for the 
synchronization of clocks in a moving reference system. It intro- 
duces the definition of simultaneity of events at different points of 
space. Poincare established that Lorentz's "local time" satisfies 
this condition. 

So, the definition of simultaneity of events in different spa- 
tial points by means of a light signal as well as the definition 
of time in a moving reference system by means of light signal 
both were considered by Poincare in his papers of 1898, 1900 
and 1904. Therefore nobody has any ground to believe that 
these ideas have been first treated by A. Einstein in 1905. 

But let us see, for example, what is written by Academician 
L. I. Mandel'stam in his lectures [8]: 

"So, the great achievement of Einstein consists in 
discovering that the concept of simultaneity is a con- 
cept . . . that we have to define. People had the knowl- 
edge of space, the knowledge of time, had this knowl- 
edge many centuries, but nobody guessed that idea.". 

And the following was written by H. Weyl: 

". . . we are to discard our belief in the objective 
meaning of simultaneity; it was the great achieve- 
ment of Einstein in the field of the theory of knowl- 
edge that he banished this dogma from our minds, 
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and this is what leads us to rank his name with that of 
Copernicus ". 

Is it possible that L. I. Mandel'stam and H. Weyl have not read ar- 
ticles and books by Poincare? 

Academician V. L. Ginzburg in his book "On physics and as- 
trophysics" (Moscow: Nauka, 1985) in the article "How and who 
created Special Relativity Theory?" 1 wrote: 

"From the other side, in earlier works, in articles 
and reports by Poincare there are a set of comments 
which sound almost prophetical. I mean both the ne- 
cessity to define a concept of simultaneity, and an op- 
portunity to use light signals for this purpose, and on 
the principle of relativity. But Poincare have not de- 
veloped these ideas and followed Lorentz in his works 
of 1905-1906". 

Let us give some comments to this citation. 

To be precise it should be said that Poincare was the first who 
formulated the relativity principle for all physical processes. 
He also defined the concept of simultaneity at different spa- 
tial points by means of the light signal in his papers 1898, 1900 
and 1904. In Poincare works [2; 3]these concepts have been ade- 
quately realized in the language of Lorentz group which provides 
fulfilment both the requirement of relativity principle, and the in- 
troduction of his own modified local Lorentz time in every inertial 
system of reference. All that automatically provided a unique syn- 
chronization of clocks by means of the light signal in every inertial 
reference system. Just due to this not any further development of 
these concepts were required after H. A. Lorentz work of 1904. 

'All the citations of Academician V.L. Ginzburg presented here and below 
are taken from this article. — A. L. 
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It was necessary only to introduce these concepts into the bo- 
som of the theory. It was precisely realized in works [2; 3] by 
means of the Lorentz group , discovered by H. Poincare. Poincare 
does not follow Lorentz, he develops his own ideas by using Lo- 
rentz achievements and he completes the creation of the theory of 
relativity in this way. Exactly in papers [2; 3] he extends Lorentz 
invariance on all the forces of nature, including gravitational; he 
discovers equations of the relativistic mechanics ; he discovers 
fundamental invariant 



which determines the geometry of space-time. 

H. Poincare approach is transparent and contemporary though 
it is realized almost one hundred years ago. How is it possible not 
to understand this after reading Poincare works [2; 3]? 

In the article (1905) "On the electrodynamics of moving 
bodies" (§3) A.Einstein took the relation (3.12) as the initial 
equation in searching for the function r. But hence one can na- 
turally obtain nothing, but Lorentz 's "local time". We write the 
equation obtained by him in the form 



Where a is an unknown function depending only on the velo- 
city v. 

Hence it is seen that this expression differs from the Lorentz 
"local time" (3.6) only by a factor depending on the velocity v 
and which is not determined by condition (3.12). It is strange to 
see that A. Einstein knows that this is Lorentz "local time", but he 
does not refer to the author. Such a treatment is not an exception 
for him. 



2.2 2 2 2 

c t — x — y — z , 
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Further, for a beam of light leaving the source at the time mo- 
ment t = in the direction of increasing £ values, Einstein writes: 



CT 



or 



ac 



v \ v 
~c? ) ~(? X 



He further finds 



(c - v)T. 



(5) 



Substituting this value of T into the equation for £, Einstein ob- 
tains 



-x. 



Since, as it will be seen further from Einstein's article, the quantity 
a is given as follows 



a= i/l 



then, with account of this expression, we obtain: 

x 



Substituting, instead of x, its value (3.3), 

x = X — vT, 
Einstein obtains for £ an expression of the form: 
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which he namely considers as the Lorentz transformation for £, 
implying that X and T are arbitrary and independent. How- 
ever, this is not so. He does not take into account, that according 
to (5) and (y), there exists the equality 



hence it follows that 



X-vT = (c - v)T, 



X = cT. 



Hence it follows, that Einstein obtained the Lorentz transfor- 
mations for £ only for the partial case of X = cT: 



X 



v 
c 



1+^' 

c 



This can be directly verified, if in formula {(3) for £ one substitutes, 
instead of the value of T from formula (5), as done by Einstein, the 
value of x from the same formula. Then we obtain: 



-X, X = cT. 



1 + 



Taking into account the expression for a, we again arrive at the 
formula found earlier, 



i = x 





V 


1 - 






c 




V 


1 + 






c 



X = cT. 



But further in the text of the article A. Einstein exploits the 
general form of Lorentz transformations without any comments. 
A. Einstein has not observed that the principle of relativity together 
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with electrodynamics obligatory requires a construction of four- 
dimensional physical quantities, in accordance with the Lorentz 
group. As a result this requires presence of the group invariants 
testifying to the pseudo-Euclidean geometry of space-time. Just 
due to this Einstein has not succeeded in finding relativistic equa- 
tions of mechanics, because he has not discovered the law of trans- 
formation for Lorentz force. He also has not understood that en- 
ergy and momentum of a particle constitute a unified quantity and 
that they transform under Lorentz transformations in the same way 
as ct, x, y, z. It should be especially emphasized that Einstein, in 
his work of 1905, in contrast to Poincare, has not extended Lorentz 
transformations onto all forces of nature, for example, onto grav- 
itation. He wrote later that "in the framework of special relativity 
theory there is no place for a satisfactory theory of gravitation ". 
But as it is shown in [5] this statement is not correct. 

Owing to the Maxwell-Lorentz equations, the relativity prin- 
ciple for inertial reference systems led Poincare 01 and, subse- 
quently, Minkowski [4] to discovering the pseudo-Euclidean ge- 
ometry of space-time. Precisely for this, we indebted to Poincare 
and Minkowski. In 1908 H. Minkowski, addressing the 80-th mee- 
ting of German naturalists and doctors in Cologne, noted [4]: 

"The views of space and time which I wish to lay 
before you have sprung from the soil of experimental 
physics, and therein lies their strength. They are radi- 
cal. Henceforth space by itself and time by itself are 
doomed to fade away into mere shadows, and only a 
kind of union of the two will preserve an independent 
reality". 

Therefore, the essence of special relativity theory consists in 
the following (it is a postulate): all physical processes proceed 
in four-dimensional space-time (ct, x), the geometry of which 
is pseudo-Euclidean and is determined by the interval (3.23). 
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The consequences of this postulate are energy-momentum and 
angular momentum conservation laws, the existence of inertial ref- 
erence systems, the relativity principle for all physical phenomena, 
the Lorentz transformations, the constancy of the velocity of light 
in Galilean coordinates of an inertial system, the retardation of 
time, the Lorentz contraction, the opportunity to use non-inertial 
reference systems, the "clock paradox", the Thomas precession, 
the Sagnac effect and so on. On the base of this postulate and the 
quantum ideas a set of fundamental conclusions was obtained and 
the quantum field theory was constructed. 

By centennial of the theory of relativity it is high time to make 
clear that constancy of the light velocity in all inertial systems of 
reference is not a fundamental statement of the theory of relativity. 

Thus, investigation of electromagnetic phenomena together with 
Poincare's relativity principle resulted in the unification of space 
and time in a unique four-dimensional continuum of events and 
permitted to establish the pseudo-Euclidean geometry of this con- 
tinuum. Such a four-dimensional space-time is homogeneous and 
isotropic. 

These properties of space-time provide validity of fundamental 
conservation laws of energy, momentum and angular momentum 
in a closed physical system. The pseudo-Euclidean geometry of 
space-time reflects the general dynamical properties of mat- 
ter, which make it universal. Investigation of various forms of 
matter, of its laws of motion is at the same time investigation of 
space and time. Although the actual structure of space-time has 
been revealed to us as a result of studying matter (electrodynam- 
ics), we sometimes speak of space as of an arena, in which some 
or other phenomena take place. Here, we will make no mistake, 
if we remember that this arena does not exist by itself, without 
matter. Sometimes it is said that space-time (Minkowski space) is 
given a priori, since its structure does not change under the influ- 
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ence of matter. Such an invariability of Minkowski space arises 
owing to its universality for all physical fields, so the impression 
is thus created that it exists as if independently of matter. Prob- 
ably just due to a vagueness of the essence of special relativity 
theory for him A. Einstein arrived at the conclusion that "within 
special relativity theory there is no place for a satisfactory theory 
of gravity". 

In Einstein's general relativity theory, special relativity theory 
is certainly not satisfied, it is considered a limit case. In 1955 
A. Einstein wrote: 

<CAn essential achievement of general relativity the- 
ory consists in that it has saved physics from the ne- 
cessity of introducing an "inertia! reference system" 
(or "inertia! reference systems")^. 

However, even now, there exists absolutely no experimental or 
observational fact that could testify to the violation of special rel- 
ativity theory. For this reason no renunciation, to whatever extent, 
of its rigorous and precise application in studies of gravitational 
phenomena, also, can be justified. Especially taking into account 
that all known gravitational effects are explained precisely within 
the framework of special relativity theory 0. Renunciation of 
special relativity theory leads to renunciation of the funda- 
mental conservation laws of energy, momentum and angular 
momentum. Thus, having adopted the hypothesis that all natural 
phenomena proceed in pseudo-Euclidean space-time, we automat- 
ically comply with all the requirements of fundamental conserva- 
tion laws and confirm the existence of inertial reference systems. 

The space-time continuum, determined by the interval (3.23) 
can be described in arbitrary coordinates, also. In transition to ar- 
bitrary coordinates, the geometry of four-dimensional space- 
time does not change. However, three-dimensional space will 
no longer be Euclidean in arbitrary coordinates. To simplify 
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our writing we shall, instead of variables T, X, Y, Z, introduce the 
variables X v ', v — 0, 1, 2, 3, X° = cT. We now perform transition 
from the variables X u to the arbitrary variables x v with the aid of 
the transformations 

X v = f u (x a ). (3.30) 

These transformation generally lead to a non-inertial reference 
system. Calculating the differentials 

df 

dX u = - L T dx x (3.31) 
ox* 

(here and further summation is performed from to 3 over iden- 
tical indices A) and substituting them into (3.23) we obtain an ex- 
pression for the interval in the non-inertial reference system 

(da) 2 = -f l , x (x)dx^dx x . (3.32) 

Here, 7 m a(^) is the metric tensor of four-dimensional space-time, 
it is given as follows 

^(*) = I>1^ • ^ = (1,-1,-1,-1). (3-33) 

Expression (3.32) is invariant with respect to arbitrary coordinate 
transformations. Expression (3.33) represents the general form of 
the pseudo-Euclidean metric. 

The difference between a metric of the form (3.23) from the 
metric (3.32) is usually, in accordance with Einstein's ideas, at- 
tributed to the existence of the gravitational field. But this is in- 
correct. No gravitational field is present in a metric of the form 
(3.32). Ideas of accelerated reference systems in Minkowski space 
have played an important heuristic role in Einstein reflections on 
the problem of gravitation. They contributed to his arriving at 
the idea of describing the gravitational field with the aid of the 



3. Electrodynamics 



59 



metric tensor of Riemannian space, and for this reason Einstein 
tried to retain them, although they have nothing to do with the 
gravitational field. Precisely such circumstances prevented him 
from revealing the essence of special relativity theory. From a 
formal, mathematical, point of view Einstein highly appreciated 
Minkowski's work, but he never penetrated the profound physical 
essence of Minkowski's work, even though the article dealt with 
a most important discovery in physics — the discovery of the 
pseudo-Euclidean structure of space and time. 

Einstein considered special relativity theory only related to an 
interval of the form (3.23), while ascribing (3.32) to general re- 
lativity theory. Regretfully, such a point of view still prevails in 
textbooks and monographs expounding relativity theory. 

Consider a certain non-inertial reference system where the met- 
ric tensor of space-time is given as j^x). It is, then, readily 
shown that there exists an infinite number of reference systems, in 
which the interval (3.32) is as follows 

(da) 2 = llxX {x')dx^dx ,x . (3.34) 

A partial case of such transformations is represented by the Lorentz 
transformations, which relate one inertial reference system to an- 
other. We see that the transformations of coordinates, which leave 
the metric form-invariant, result in that physical phenomena pro- 
ceeding in such reference systems at identical conditions can never 
permit to distinguish one reference system from another. Hence, 
one can give a more general formulation of the relativity prin- 
ciple, which not only concerns inertial reference systems, but 
non-inertial ones [6|, as well: 

"Whatever physical reference system (inertial or 
non-inertial) we choose, it is always possible to point 
to an infinite set of other reference systems, such as 
all physical phenomena proceed there exactly like in 



60 



3. Electrodynamics 



the initial reference system, so we have no, and cannot 
have any, experimental means to distinguish, namely 
in which reference system of this infinite set we are". 

It must be noted that, though the metric tensor 7 m a(^c) in (3.33) 
depends on coordinates, nevertheless the space remains pseudo- 
Euclidean. Although this is evident, it must be pointed out, since 
even in 1933 A. Einstein wrote the absolute opposite Q: 

<C/n the special theory of relativity, as Minkowski 
had shown, this metric was quasi-Euclidean one, 
i.e., the square of the "length" ds of line element 
was a certain quadratic function of the differentials of 
the coordinates. 

If other coordinates are introduced by means of 
non-linear transformation, ds 2 remains a homogeneous 
function of the differentials of the coordinates, but the 
coefficients of this function (g^ u ) cease to be constant 
and become certain functions of the coordinates. In 
mathematical terms this means that physical (four- 
dimensional) space has a Riemannian metric^. 

This is, naturally, wrong, since it is impossible to transform 
pseudo-Euclidean geometry into Riemannian geometry by apply- 
ing the transformations of coordinates (3.30). Such a statement by 
A. Einstein had profound physical roots. Einstein was convinced 
that the pseudo-Euclidean metric in arbitrary coordinates, ^^(x), 
describes the gravitational field, also. These ideas, put forward 
by Einstein, restricted the framework of special relativity theory 
and in such form became part of the material expounded in text- 
books and monographs, which had hindered comprehension of the 
essence of relativity theory. 

Thus, for example, Academician L.I. Mandel'stam, in his lec- 
tures on relativity theory [8|, especially noted: 
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"What actually happens, how an accelerated mov- 
ing clock shows time and why it slows down or does 
the opposite cannot be answered by special relativity 
theory, because it absolutely does not deal with the 
issue of accelerated moving reference systems". 

The physical sources of such a limited understanding of special 
relativity theory origin from A. Einstein. Let us present a number 
of his statements concerning special relativity theory. In 1913 he 
wrote 1 9 1 : 

"In the case of the customary theory of relativity 
only linear orthogonal substitutions are permissible ". 

In the next article of the same year he writes ffOl : 

"While in the original theory of relativity the in- 
dependent of the physical equations from the special 
choice of the reference system is based on the postu- 
lation of the fundamental invariant ds 2 = Edx 2 , we 

i 

are concerned with constructing a theory in which the 
most general line element of the form 

ds 2 = Sgikdx l dx k 

i,k 

plays the role of the fundamental invariant". 

Later, in 1930, A. Einstein wrote ifTH : 

"In the special theory of relativity those coordi- 
nate changes (by transformation) are permitted for 
which also in new coordinate system the quantity ds 2 
(fundamental invariant) equals the sum of squares of 
the coordinate. Such transformations are called Lo- 
rentz transformation ". 
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Although Einstein, here, takes advantage of the invariant (in- 
terval) discovered by Poincare, he understands it only in a limited 
(strictly diagonal) sense. For A. Einstein it was difficult to see that 
the Lorentz transformations and the relativity of time concealed a 
fundamental fact: space and time form a unique four-dimensional 
continuum with pseudo-Euclidean geometry, determined by the 
interval 

ds 2 = 'j^ u (x)dx' 1 dx u , det(7 Miy ) = 7 < 0, (3.35) 

with the metric tensor 7 MI/ (x), for which the Riemannian curvature 
tensor equals zero. But, precisely, the existence of the four-dimen- 
sional space of events with a pseudo-Euclidean metric permitted 
to establish that a number of vector quantities in Euclidean three- 
dimensional space are at the same time components of four-dimen- 
sional quantities together with certain scalars in Euclidean space. 

This was performed by H. Poincare and further developed by 
H. Minkowski. Very often, without understanding the essence of 
theory, some people write that Minkowski allegedly gave the ge- 
ometrical interpretation of relativity theory. This is not true. On 
the basis of the group discovered by Poincare, H. Poincare and 
H.Minkowski revealed the pseudo-Euclidean geometry of 
space-time, which is precisely the essence of special relativity 
theory. 

In 1909 H. Minkowski wrote about this in the article "Space 
and time": 

"Neither Einstein, nor Lorentz dealt with the con- 
cept of space, maybe because in the case of the afor- 
ementioned special transformation, under which the 
x', t' plane coincides with the x, t plane, it may be un- 
derstood that the x axis of space retains its position. 
The attempt to thus evade the concept of space could 
have indeed been regarded as a certain impudence of 
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the mathematical thought. But after making this step, 
surely unavoidable for true comprehension of the G c 
group (the Lorentz group. — A.L.), the term "rela- 
tivity postulate" for requiring invariance with respect 
to the G c group seems to me too insipid. Since the 
meaning of the postulate reduces to that in phenom- 
ena we only have the four-dimensional world in space 
and time, but that the projections of this world onto 
space and time can be taken with a certain arbitrari- 
ness, I would rather give this statement the title "pos- 
tulate of the absolute world " or, to be short, world 
postulate ". 

It is surprising, but in H. Minkowski's work there is no refer- 
ence to the articles [2] and [3] by H. Poincare, although it just gives 
the details of what had already been presented in refs. [2] and [3]. 
However, by the brilliant exposition before a broad audience of 
naturalists it attracted general attention. In 1913, in Germany, a 
collection of articles on relativity by H. A. Lorentz, A. Einstein, 
H. Minkowski was published. The fundamental works [2] and [3] 
by H. Poincare were not included in the collection. In the com- 
ments by A. Sommerfeld to Minkowski's work Poincare is only 
mentioned in relation to particulars. Such hushing up of the fun- 
damental works of H. Poincare in relativity theory is difficult to 
understand. 

E. Whittaker was the first who came to the conclusion of the 
decisive contribution of H. Poincare to this problem when study- 
ing the history of creation of the special relativity theory, 50 years 
ago. His monograph caused a remarkably angry reaction of some 
authors. But E. Whittaker was mainly right. H. Poincare re- 
ally created the special theory of relativity grounding upon the 
Lorentz work of 1904 and gave to this theory a general char- 
acter by extending it onto all physical phenomena. Instead of 
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a more thorough study and comparison of Einstein's 1905 work 
and Poincare's papers (it is the only way of objective study of the 
problem) the way of complete rejection of Whittaker's conclusions 
was chosen. So, the idea that the theory of relativity was created 
independently and exclusively by A. Einstein was propagated in 
literature without detail investigations. This was also my view up 
to the middle of 80-s until I had read the articles by H. Poincare 
and A. Einstein. 
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4. The relativity of time and the contraction of 
length 

Consider the course of time in two inertial reference systems, one 
of which will be considered to be at rest, while another one will 
move with respect to the first one with a velocity v. According to 
the relativity principle, the change in time shown by the clocks (for 
a given time scale) in both reference systems is the same. There- 
fore, the both count their own physical time in the same manner. 
If the clock in the moving reference system is at rest, then its in- 
terval in this system of reference is 



t' is the time shown by the clock in this reference system. 

Since this clock moves relative to the other reference system 
with the velocity v, the same interval, but now in the reference 
system at rest will be 



here t is the time shown by the clock at rest in this reference sys- 
tem, and 




(4.3) 



From relations (4.1) and (4.2) we find the relationship between 
the time durations in these inertial reference systems in the de- 
scription of the physical phenomenon 



da 2 = c 2 dt' 2 , 



(4.1) 




(4.2) 




(4.4) 
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One often reads that a retardation of moving clocks takes place. 
It is wrong, because such a statement contradicts the principle of 
relativity. The clock rate in all inertial reference systems does not 
change. The clocks equally measure physical time of their own 
inertial system of reference. This is not a change of the clock rate 
but a change of a physical process duration. The duration of a local 
physical process according to the clock of this inertial system or a 
clock in other inertial system is in general different. It is minimal 
in the system where the process is localized in one spatial point. 
Precisely this meaning is implied in saying about the retardation 
of time. 

Integrating this relation, we obtain 



This expression is a consequence of the existence of the funda- 
mental invariant (3.22). The "time dilation" (4.5) was considered 
as early as in 1900 by J. Larmor. As noted by W. Pauli, "it received 
its first clear statement only by Einstein" from the "Lorentz 
transformation". 

We shall apply this equality to an elementary particle with a 
lifetime at rest equal to r . From (4.5) after setting At' = t , we 
find the lifetime of the moving particle 



Precisely owing to this effect it turns out to be possible to trans- 
port beams of high energy particles in vacuum over quite large dis- 
tances from the accelerator to the experimental devices, although 
their lifetime in the state of rest is very small. 

In the case considered above we dealt with a time-like interval 
da 2 > 0. We shall now consider another example, when the inter- 




(4.5) 



At = 




(4.6) 



4. The relativity of time and the contraction of length 



67 



val between the events is space-like, da 2 < 0. Again we consider 
two such inertial reference systems. Consider measurement, in a 
moving reference system, of the length of a rod that is at rest in 
another reference system. We first determine the method for mea- 
suring the length of a moving rod. Consider an observer in the 
moving reference system, who records the ends of the rod, X[ and 
X 2 , at the same moment of time 

T[ = r 2 , (4.7) 

this permits to reduce the interval S 2 2 in the moving reference sys- 
tem to the spatial part only 

S 2 12 = -(X 2 - X[f = -I 2 . (4.8) 

Thus, in our method of determining the length of a moving rod, it 
is rather natural to consider the quantity I as its length. 

The same interval in the reference system at rest, where the rod 
is in the state of rest, is given as follows 

S 2 2 = c 2 (T 2 - Ti) 2 - (X 2 - X,) 2 . (4.9) 

But, in accordance with the Lorentz transformations we have 

(4.10) 



T' 2 -T[ = 1 {T 2 -T l )-^-{X 2 -X 1 ) 



c 2 



whence for our case (4.7) we find 

T 2 -T 1 = 4(X 2 - X 1 ) = \i Q , (4.11) 

£ is length of the rod in the reference system at rest. Substituting 
this expression into (4.9) we obtain 

S?2 = -<8(l-£)- (4-12) 
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Comparing (4.8) and (4.12) we find 



€ = 4^1-^. (4-13) 

From relations (4.7) and (4.11) we see, that events that are si- 
multaneous in one inertial reference system will not be simul- 
taneous in another inertial reference system, so the notion of 
simultaneity is relative. Relativity of time is a straightforward 
consequence of the definition of simultaneity for different spatial 
points of inertial reference system by means of a light signal. The 
contraction (4. 13) is a consequence of the relative nature of simul- 
taneity, or to be more precise, of the existence of the fundamental 
invariant (3.22). 

Length contraction (4.13), as a hypothesis to explain the nega- 
tive result of the Michelson-Morley experiment, was initially sug- 
gested by G.F. FitzGerald in 1889. Later, in 1892, the same hy- 
pothesis was formulated by H.A. Lorentz. 

Thus, we have established that, in accordance with special re- 
lativity theory, the time interval between events for a local object 
and the length of a rod, given the method of measurement of (4.7), 
are relative. They depend on the choice of the inertial reference 
system. Only the interval between events has an absolute sense. 
It must be especially noted that contraction of the length of a rod 
(4.13) is determined not only by the pseudo-Euclidean structure 
of space-time, but also by our method of measuring length, so 
contraction, unlike the slowing down of time (4.5), does not have 
such essential physical significance. This is due to the slowing 
down of time being related to a local object, and such objects ex- 
ist in Nature, they are described by the time-like interval da 2 > 0; 
consequently, a causal relationship is realized, here. Contraction 
of length is related to different points in space and is, therefore, 
described by the space-like interval da 2 < 0, when no causal rela- 
tionship is present. 
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Let us return to the issue of Lorentz contraction, determined by 
formula (4.13). We saw that in the case considered above, when 
the rod is at rest in the unprimed inertial reference system and has a 
length £ , for all observers in other inertial reference systems there 
occurs, given the adopted method of measuring length (4.7), con- 
traction, and the length will be determined by formula (4.13). It is 
quite evident that here nothing happens to the rod. Some authors 
call this contraction effect kinematical, since the rod undergoes no 
deformation, here. And they are right in this case, and there is no 
reason for criticizing them. However, it must be noted that this 
kinematics is a consequence of the pseudo-Euclidean structure of 
space, which reflects the general dynamic properties of matter — 
the conservation laws. 

Back in 1905 H. Poincare wrote the following about this situa- 
tion: 

"If we were to accept the relativity principle, then 
we would find a common constant in the law of grav- 
ity and in electromagnetic laws, the velocity of light. 
Precisely in the same way, we would also encounter it 
in all the other forces of whatever origin, which can 
be only explained from two points of view: either eve- 
rything existing in the world is of electromagnetic ori- 
gin, or this property, that is, so to say, common to all 
physical phenomena, is nothing more, than an exter- 
nal appearance, something related to the methods of 
our measurements. How do we perform our measure- 
ments? Earlier we would have answered as follows: 
by carrying bodies, considered solid and unchange- 
able, one to the place of the other; but in modern 
theory, taking into account the Lorentz contraction, 
this is no longer correct. According to this theory, 
two segments are, by definition, equal, if light covers 
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them in the same time (singled out by me. — A.L.)". 

A totally different situation arises in the case of motion with ac- 
celeration. If, for instance, the rod, that is at rest in the unprimed 
inertial reference system and has a length £ , starts moving with 
acceleration along its length so that both of its ends start moving 
simultaneously, then in the reference system, related to the rod, 
its length will increase according to the law 




or, if formula (12.3) is taken into account, then one can express the 
velocity v(t) via the acceleration a and obtain the expression 

of events being the same in the unprimed inertial reference system 
and in the reference system moving with acceleration a, in which 
the rod is at rest. This means that the rod undergoes rupture strains. 

Earlier we found the Lorentz transformations for the case, when 
the motion of one reference system with respect to another inertial 
reference system proceeded with a constant velocity along the X 
axis. Now, consider the general case, when the motion takes place 
with a velocity v in an arbitrary direction 

f=R-vT. (4.14) 

Transformation (4.14) provides the transition to the inertial refer- 
ence system the origin of which moves with a constant velocity v 
related to the initial reference system. 

Let us decompose vectors R, R' in the initial Galilean refer- 
ence system along the direction of the velocity v and along the 
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direction perpendicular to the velocity v: 

R= "r„ + r ± r> = \+R' ± . (4.15) 

\v\ \v\ 11 

On the basis of the Lorentz transformations (3.1), one may expect 
that only the longitudinal quantities will be changed, while the 
transverse quantities remain without change. 

R'^^Rw-vT), T' = 7 |r--^R,|j , R' ± = R ± . (4.16) 

In accordance with (4.15) we find 

(vR) n n v(vR) 

, rc± — It ; 

V V 

Substituting (4.17) into (4.16) and, then, into (4.15) we obtain 



R\\ = ^—L, R ± = R-^- T ±. (4.17) 



R> = R + ( 1 -l)^$- 1 iJT, (4.18) 



T' = 7 (T-^j. (4.19) 

In obtaining formulae (4.18) and (4.19) we have considered that 
under the general transformation (4.14) only the component R of 
the vector along the velocity v changes, in accordance with the 
Lorentz transformations (3.1), while the transverse component re- 
mains unchanged. 

Let us verify that this assertion is correct. To this end we shall 
take as a starting point the invariant (3.22). Substituting (4. 14) into 
(3.22) we obtain 



./ = r 2 '/' 2 - (r+ < : '7T = c-T 2 [ 1 - V — ) -2(r r)T - r 2 . (4.20) 
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In the invariant J we single out the time-like part 



J = c 2 



T (v r) 

7^- 

7 cr 



— (vr) 2 . 



(4.21) 



Our goal is to find such new variables T' and R', in which this 
expression can be written in a diagonal form 

J = c 2 T' 2 - R' 2 . (4.22) 

From comparison of (4.21) and (4.22) we find time T' in the mov- 
ing reference system: 



T' = - - \{vr). 
7 cr 



(4.23) 



Expressing the right-hand part in (4.23) via the variables T, R, we 
obtain 



r = 7 |r-™|. 



(4.24) 



We also express the space-like part of the invariant J in terms of 
variables T, R 

2 2 

r 2 + \{vff = R 2 + \{vR) 2 - 2 1 2 (vR)T + 1 2 v 2 T 2 . (4.25) 
cr cr 

One can readily verify that the first two terms in (4.25) can be 

written in the form 

2 



1 VvR) 2 



R 2 + 



ft , , N v(v R) 



(4.26) 



and, consequently, expression (4.25) assumes the form 

2 



^2 i 7 /->-\2 

r +^{vr) 



s v(vR) 
R+ 7-1 



(4.27) 



-2Y(vR)T + v 2 YT 2 . 
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The right-hand part of (4.27) can be written as 

- 2 

(4.28) 

Thus, the space-like part of the invariant J assume a diagonal form 



2 

->2 i ' / -> ->\2 



where 



r 2 + ^{vr) 2 = {R')\ (4.29) 

cr 



v(vR) 

H = R + { 1 - 1) A-i - jvT. (4.30) 

ir 



Formulae (4.24) and (4.30) coincide with formulae (4. 1 8) and (4. 19); 
this testifies to our assumption, made earlier in the course of their 
derivation, being correct. 

It should be especially emphasized that we have derived above 
the general formulae relating coordinates (T, R) of the initial in- 
ertial reference system to coordinates (T', R!) of the reference sys- 
tem moving with constant velocity v relative to the first system. 
We have used the form-invariance of invariant (3.22) and identi- 
cal transformations only. If by means of transformations (4.24) 
and (4.30) we go from an inertial reference system S to a system S' 
and later to a system S", then after these two subsequent transfor- 
mations we will get transformation which will be different from 
transformations (4.24) and (4.30) by a rotation in 3-dimensional 
space. It means that transformations (4.24) and (4.30) do not form 
a subgroup of the Lorentz group. The rotation mentioned above 
reduces the axes of the reference system S to the same orientation 
as axes of the system S". Thomas 'effect which will be considered 
in Section 14 is caused just by this circumstance. 

The general derivation of Lorentz transformations from the rel- 
ativity principle, Galilean principle of inertia and the wavefront 
equation was done by Academician V.A. Fock in his monograph 
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[12, Appendix A]. His analysis demonstrates that it is impossible 
to derive Lorentz transformations from the two Einstein postulates 
only (see p.|32]of this book). 
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5. Adding velocities 



Differentiating the Lorentz transformations (3.1) with respect to 
the variable T, we obtain the formulae relating velocities 



U x = 



U r . — V 



1 - 



u x v ' u y 



u 



1 - 



Here 



u. 



y u x v ' 
1 - -4- 



u. 



1 - 



dX 
~ ~dT' 

dX' 



dY_ 
dY' 



u.. 



dT ' y dT' ' 
In deriving (5.1) we made use of the formula 

dT 

7 



1 - 
dZ_ 

dr' 

dZ' 
' dT' 



u r v 



(5.1) 

(5.2) 
(5.3) 

(5.4) 



dT ^> 

It is possible, in a similar way, to obtain general formulae, also, if 
one takes advantage of expressions (4.18), (4.19): 



vu) 



u' 



u + h — 1) — —v — 



7 



(vu) 



dT' 
~dT 



= 7 



[VU] 



. (5.5) 



We will further (Section 16) see, that the velocity space is the Lo- 
bachevsky space. 
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6. Elements of vector and tensor analysis in 
Minkowski space 



All physical quantities must be defined in a way, to have their 
physical meaning independent on the choice of reference system. 



Consider a certain reference system x v 



v 



0, 1, 2, 3 given 



in four-dimensional Minkowski space. Instead of this reference 
system, it is possible to choose another, defined by the expression 



x' v = /"(**). 



(6.1) 



We shall consider functions f u as continuous and differentiable. 
If at any point Jacobian of the transformation 



J = det 



dx a 



(6.2) 



differs from zero, then under this condition the variables x' v will 
be independent, and, consequently, the initial variables x v may 
unambiguously be expressed in terms of the new ones x' v 



x ' 



V a (x' a ) 



(6.3) 



Physical quantities must not depend on the choice of reference 
system, therefore, it should be possible to express them in terms 
of geometrical objects. The simplest geometrical object is scalar 
4>(x), which under transition to new variables transforms as fol- 
lows: 



cj)\x') = <f) x{x') 



(6.4) 



The gradient of scalar function <j)(x) transforms by the rule for 
differentiating composite functions 



d<t>'{x') d<p dx a 



Q x ,v 



dx a dx' v ' 



(6.5) 
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here, and below, summation is performed over identical indices a 
from to 3. 

A set of functions that transforms, under coordinate transfor- 
mation, by the rule (6.5) is called a covariant vector 

KV) = I^M*). (6-6) 
Accordingly, a quantity B^ v , that transforms by the rule 

= If* (6 - 7) 

is called a covariant tensor of the second rank, and so on. 

Let us now pass to another group of geometrical objects. Con- 
sider the transformation of the differentials of coordinates: 

dx' v 

dx' u = —dx°. (6.8) 

dx a 

A set of functions that transforms, under coordinate transfor- 
mations, by the rule (6.8) is called a contravariant vector: 

A-(x') = (6.9) 
Accordingly, a quantity B^ u , that transforms by the rule 

has been termed a contravariant tensor of the second rank, and so 
on. 

From the transformational properties of a vector or a tensor it 
follows, that, if all its components are zero in one reference sys- 
tem, then they are zero, also, in any other reference system. Note, 
that coordinates x u do not form a vector, while the differential 
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dx v is a vector. The coordinates x u only form a vector with respect 
to linear transformations. 

Now, we calculate the quantity A' a (x')B" T (x') 

A '^')B-(x') = ^.^A,(x)B\x), (6.11) 

but, it is easy to see that 

dx» dx^ = s , = \0, for/i^A 
dx<° dx x A [1, for/i=A. 

The symbol 5^ is a mixed tensor of the second rank and is known 
as the Kronecker symbol. 

Taking into account (6.12) in expression (6.1 1) we find 

A' a (x')B'°(x')=A x (x)B\x). (6.13) 

Hence it is evident that this quantity is a scalar, it is usually 
called an invariant. 

In writing expression (3.32) we actually dealt with the funda- 
mental invariant 

da 2 = lflX {x)dx^dx x , det(7 M „) = 7 < 0. (6.14) 

The existence of the metric tensor of Minkowski space, that has 
the general form (3.33), permits to raise and to lower indices of 
vector and tensor quantities, for example: 

A u = luX {x)A\ A x = ^A a , A U A» = 1Xa A x A° . (6.15) 



7ma7 A " = C (6.16) 



Tensors can be added and subtracted, for example, 



C* t = A%±B?*,. (6.17) 
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They can also be multiplied, independently of their structure 

C$, = A%,-Bi. (6.18) 

Here it is necessary to observe both the order of multipliers and 
the order of indices. 

Transformations (6.9) form a group. Consider 

A»W = ^A°(x), A"» = d —A>\x>) , (6.19) 
hence we have 

A!'»(x") = ^- ■ ^A°(x) = ^—A°{x) . (6.20) 
v ' dx' x dx° w dx° v ' 

Note that tensor calculus does not depend on the metric properties 
of space. It is persisted, for example, in Riemannian geometry, 
where the group of motion of space-time is absent, in the general 
case. On the other hand, the group of general coordinate transfor- 
mations (6.19-6.20) is fully persisted, since it is independent of 
the metric properties of space, but it has no any physical meaning. 
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7. Lorentz group 

H.Poincare discovered that the Lorentz transformations, to- 
gether with all space rotations, form a group. Consider, for 
example, 

x' = ll (x-v 1 t), t' = 7l (t-^x), (7.1) 

x" = l2 (x'-v 2 t'), t" = 72 (f - V f 2 x') . (7.2) 
Substituting (7.1) into (7.2) we obtain 

x" = 7i72 (l + x - 7 i 72 (wi + v 2 )t , (7.3) 



* = 7i72 [1 + Jt- 7 i 7 2 I 



^1*. (7.4) 



But since 



x" = 7 (x - ui) , i" = 7 ^ - -^x) . (7.5) 
From comparison of (7.3) and (7.4) with (7.5) we obtain 

7 = 7i72 (l + -^r) > 7^ = 7172(^1 + v 2 ) ■ (7.6) 
From relations (7.6) we find 

v 1 + v 2 



(7.7) 



It is readily verified that 

7 = -r=f = 7i72 (l + ^) • (7.8) 
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Thus, we have established that transition from the reference 
system x v to the reference system x w and, subsequently, to the 
reference system x" v is equivalent to direct transition from the ref- 
erence system x u to the reference system x" v . Precisely in this 
case, it can be said that the Lorentz transformations form a group. 
Poincare discovered |2| this group and named it the Lorentz 
group. He found the group generators and constructed the Lie 
algebra of the Lorentz group. Poincare was the first to estab- 
lish that, for universal invariance of the laws of Nature with 
respect to the Lorentz transformations to hold valid, it is nec- 
essary for the physical fields and for other dynamical and kine- 
matical characteristics to form a set of quantities transform- 
ing under the Lorentz transformations in accordance with the 
group, or, to be more precise, in accordance with one of the 
representations of the Lorentz group. 

Several general words about a group. A group is a set of ele- 
ments A, B,C . . . for which the operation of multiplication is de- 
fined. Elements may be of any nature. The product of any two 
elements of a group yields an element of the same group. In the 
case of a group, multiplication must have the following properties. 

1 . The law of associativity 

(AB)C = A{BC) . 

2. A group contains a unit element E 

AE = A . 

3. Each element of a group has its inverse element 

AB = E , B = A' 1 . 

Transformations of the Lorentz group can be given in matrix 
form 

X' = AX, 



82 



7. Lorentz group 



where 



A = 




) 



, x = 



( 




, x' 




) 



x' Q = ct' , Xq = ct . 



It is readily verified, that the set of all Lorentz transformations 
satisfies all the listed requirements of a group. 

Coordinate transformations which preserve the form of the met- 
ric tensor form the group of motions of the space. In particular 
the Lorentz group is such a group. 
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8. Invariance of Maxwell-Lorentz equations 

The Maxwell-Lorentz equations in an inertial reference system, 
said to be "at rest", have the form 

- 4tt 1 dE 1 dH 
rot H = — pv H — , rot E = — , 

c c at c at 

(8.1) 

divE = 4np , divH = , 



f = P E + -p 

c 



v,H 



(8.2) 



The second term in the right-hand part of the first equation of (8. 1) 
is precisely that small term — the displacement current, intro- 
duced by Maxwell in the equations of electrodynamics. Namely it 
was mentioned in Section 3. Since the divergence of a curl is zero, 
from the first and third equations of (8.1) follows the conservation 
law of current 

^ + divj=0, j=pv. (8.3) 
at 

As one sees from (8.3), the displacement current permitted to achieve 
accordance between the equations of electrodynamics and the con- 
servation law of electric charge. To make the fourth equation from 
(8.1) be satisfied identically we represent H in the form 

H = rotA. (8.4) 

Thus, we have introduced the vector potential A. Substituting ex- 
pression (8.4) into the second equation from (8.1) we obtain 

rotj^+l—l =0. (8.5) 
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To have equation (8.5) satisfied identically the expression in brack- 
ets must be gradient of some function 

— * 

E = ---^-grs,d(j ) . (8.6) 
c at 

Thus, we have introduced the notion of scalar potential 0. For 
given values of E and H the potentials and A, as we shall see 
below (Section 10), are determined ambiguously. So by choosing 
them to provide for the validity of the L. Lorenz condition 

-•^ + divl=0, (8.7) 
c at 

from equations (8.1), with account of formulae 

9 ~~ * — * 9 ~ * 

divgrad0 = V 0, rot rot A = graddivA — V A, 

d 2 6 d 2 <b d 2 <b 



V 2 = + + 



dx 2 dy 2 dz 2 ' 

— * 

and relation (8.7) as well, we find equations for potentials and A 
in the following form: 

aA = —j, u<p = Aix P . (8.8) 

c 

For the equation of charge conservation to be form-invariant 
with respect to the Lorentz transformations it is necessary that the 
density p and current be components of the contravariant vector 

S" = (cp,j) = (S°,S), j = pv. (8.9) 

The contravariant vector S u transforms under the Lorentz transfor- 
mations in the same way as (ct , x). The equation (8.3) of charge 
conservation assume the form 



(8.10) 
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summation is performed over identical indices v. Taking into ac- 
count Eq. (8.9) we rewrite Eqs. (8.8) as follows 

UA = —S, D<j>= — S°. (8.11) 
c c 

For these equations not to alter their form under Lorentz trans- 
formations, it is necessary that the scalar and vector potentials be 
components of a contravariant vector A v 

A v = (A , A) = (0, A) . (8.12) 

Since, as we showed earlier, the operator □ does not alter its form 
under the Lorentz transformations, Eqs. (8.11) at any inertial sys- 
tem of reference will have the following form 

UA V =— S u , i/ = 0,l,2,3. (8.13) 

c 

The vectors S" and A v were first introduced by Henri Poin- 
care 0. 

Unification of 4> and A into the four- vector A u is necessary, 
since, as the right-hand part of (8.13) represents the vector S u , 
then the left-hand part must also transform like a vector. Hence, it 
directly follows that, if in a certain inertial reference system only 
an electric field exists, then in any other reference system there 
will be found, together with the electric field, a magnetic field, 
also, owing to A u transforming like a vector. This is an immediate 
consequence of validity of the relativity principle for electromag- 
netic phenomena. 

The Lorentz transformations for the vector S u have the same 
form, as in the case of the vector (ct,x) 

S' x = y(s x -^S ) , S'° = y(s°-^S X ). (8.14) 
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Taking into account the components of the vector S v (8.9), we find 

pt = 7p (l - ^v^j , p'v' x = jp(v x - u). (8.15) 

Here 

7= T==T > (8 - 16) 

where u is the velocity of the reference system. 

The transformations for the components S y , S z have the form 

p'v'y = pv y , p'v' z = pv z . (8.17) 

All these formulae were first obtained by H. Poincare Q. From 
these the formulae for velocity addition follow 



u 2 / u 2 



v x — uv x ' v y ~ v v uv x ' v z — v z uv x ■ 
c 2 c 2 c 2 

We now introduce the covariant vector S v 

S v = lvX S x . (8.19) 

Taking into account that 7^ = (1,-1,— 1,-1), we obtain from 
(8.19) 

S = S°, Si = -S\ i = 1, 2, 3. (8.20) 
Now compose the invariant 

S V S" = c 2 p 2 (l " ^) = <?pI (8-2D 

here p is the charge density in the reference system, where the 
charge is at rest. Hence we have 
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H. Minkowski introduced antisymmetric tensor F f 



which automatically satisfies the equation 

OF OF OF 

ox a ox^ ox 

- - 1 dA 
Since H = rot A, E = — grad — , the following equa- 

c at 

tions are easily verified 



— H x — F 23 , —H y — F 31 , — if z — F 12 , 



— — Fio , — E y — F 2 q , — E z — F 30 



(8.25) 



The set of equations (8.24) is equivalent to the set of Maxwell 
equations 

1 dH 

rot E = — , divH = . (8.26) 

c at 

With the aid of the tensor F^, the set of equations (8.13) can be 
written as follows: 

dF^ 4tt 

— = 5" . (8.27) 

ox c 

— * — * 

The tensor F^ v is related to the field components E and H by the 
following relations: 

TJ 1723 TT TTl31 TT 77ll2 

— H x — P , — Ply — P , — Pi z — P , 

(8.28) 

E = F 10 E = F 20 E = F 30 

±J X 1 , ±Jy 1 , ±J Z 1 
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All this can be presented in the following table form, where first 
index // = 0, 1, 2, 3 numerates lines, and second v — columns 



f 





E x 


Ey 


E z \ 




— E x 





-H z 


Ey 




~Ey 


H x 





—E x 


\ 


-E z 


-Ey 


H x 


o / 




( ° 


—E x 


-Ey 


-E z \ 




E x 





-H z 


Ey 




Ey 


H z 





—H x 




\ E z 


-Ey 


H x 


o / 



— * — * 

Hence it is seen that the quantities E and E change under the 
Lorentz transformations like individual components of the ten- 
sor F^ v ' . Neither Lorentz, nor Einstein established this, so they, 
did not succeed in demonstrating the invariance of the Maxwell- 
Lorentz equations with respect to the Lorentz transformations nei- 
ther in space without charges, nor in space with charges. 

We emphasize that the identical appearance of equations 
in two systems of coordinates under Lorentz transformations 
still does not mean their form-invariance under these trans- 
formations. To prove the form-invariance of equations we are 
to ascertain that Lorentz transformations form a group and 
field variables (for example, E and H) transform according 
to some representation of this group. 

Taking into account the relationship between the components 
of the tensor F^ u and the components of the electric and magnetic 
fields, it is possible to obtain the transformation law for the com- 
ponents of the electric field 

E' x = E X) E' y = 1 (Ey - ^-E z ) , 

(8.29) 

E' z = 7 [E z + ^E y ) , 
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and for the components of the magnetic field 

H' x = H x , H' y = 1 [H y + -E 2 



c 



(8.30) 



These formulae were first discovered by Lorentz, however, 
neither he, nor, later, Einstein established their group nature. 
This was first done by H. Poincare, who discovered the trans- 
formation law for the scalar and vector potentials Q. Since </> 
and A transform like (ct,x), H. Poincare has found, with the aid 
of formulae (8.4) and (8.6), the procedure of calculation for the 
quantities E and H under transition to any other inertial reference 
system. 

From the formulae for transforming the electric and magnetic 
fields it follows that, if, for example, in a reference system K' the 
magnetic field is zero, then in another reference system it already 
differs from zero and equals 



u u — * 3 

H y = E z , H z = —E y , orH= - u,E 

c c c 



(8.31) 



From the field components it is possible to construct two invariants 
with respect to the Lorentz transformations. 

E 2 -H 2 , (EH). (8.32) 

These invariants of the electromagnetic field were first disco- 
vered by H. Poincare Q. 

The invariants (8.32) can be expressed via antisymmetric ten- 
sor of the electromagnetic field F^ u 



E 2 -H 2 = -F^F^, EH = --F^F*" (8.33) 



90 



8. Invariance of Maxwell-Lorentz equations 



here 

W v = -^e^ aX F aX , (8.34) 

£ fj,ua\ - g L ev i.ci v it a tensor, e 0123 = 1, transposition of any two 
indices alters the sign of the Levi-Civita tensor. 

In accordance with the second invariant (8.32), the fields E 
and H, that are reciprocally orthogonal in one reference system, 
persist this property in any other reference system. If in reference 
system K the fields E and H are orthogonal, but not equal, it is 
always possible to find such a reference system, in which the field 
is either purely electric or purely magnetic, depending on the sign 
of the first invariant from (8.33). 

Now let us consider the derivation of the Poynting equation 
(1884). To do so we multiply both parts of first equation from 

— * 

Eqs. (8.1) by vector E, and both parts of second equation from 
Eqs. (8.1) — by vector H; then we subtract the results and obtain 

-(e^ + H^-)= -pvE -^(HrotE- £ rot if) . 
An y dt dt J ' An V J 

By using the following formula from vector analysis 

div[a, b] = b rot a — a rot b, 

we obtain the Poynting equation 

= —pvE — divS, 



dt \ 8tt 
where 

S=±[SS\ 

is called the Poynting vector. After integration of the Poynting 
equation over volume V and using Gauss theorem we get 

8 f E 2 + H 2 



dt 



J E gj 1 dV = ~ J PvEdV - j Sda. 



v v 
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The term standing in l.h.s. determines a change of electromagnetic 
energy in volume V at a unit of time. The first term in r.h.s. char- 
acterizes work done by electric field on charges in volume V. The 
second term in r.h.s. determines the energy flow of electromag- 
netic field through surface E, bounding volume V. 

Formulation of the energy conservation law with help of the 
notion of the energy flow was first proposed by N. A. Umov. The 
notion of the energy flow has become one of the most important 
in physics. With help of the Poynting equation it is possible to 
prove the uniqueness theorem in the following formulation (see: 
/. E. Tamm Foundations of the theory of electricity. Moscow: 
"Nauka", 1976 (in Russian), pp. 428-429): 

". . . electromagnetic field at any instant of time 
t± > and at any point of volume V, bounded by 
an arbitrary closed surface S is uniquely determined 
by Maxwell equations, if initial values for electromag- 
netic vectors E and H are prescribed in all this part 
of space at time t — and if also for one of these 
vectors (for example, E) boundary values of its tan- 
gential components on surface S are given during 
the whole time interval from t — to t — t\. 

Let us suppose the opposite, i. e. suppose there are 
two different systems of solutions of Maxwell equa- 
tions E', H' and E", H", satisfying the same initial 
and boundary conditions. Due to linear character 
of the field equations the difference of these solutions 
E'" — E' — E" and H'" = H ' - H" should also sat- 
isfy Maxwell equations under the following additional 
conditions: 

a) E extra = 0, 

b) at time t = in each point of the volume V: 
E'" = 0, H'" = (because att = E' , E" andH', H" 
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have, as supposed, equal given values), 

c) during the whole time interval from t = to 
t = ti in all points of the surface S tangential compo- 
nents of vector E'" or vector H'" are equal to zero (by 
the same reason). 

Let us apply the Poynting theorem (which is a con- 
sequence of Maxwell equations) to this field E'", H'" 
and put work of extraneous forces P equal to zero. 
The surface integral which enters the Poynting equa- 
tion is equal to zero during the whole time interval 
from t — to t — ti, because from Eq. (c) it follows 
that on surface S 

S n = [E"'H"'] n = 0; 

therefore, at any time during this interval we get 

dW" r 7 "' 2 



/■ > 
L 



dt J A 

v 



dV. 



As the integrand is strictly positive, we have 
dW" 



dt 



<0, 



/. e. field energy W" may decrease or stay constant. 
But att = 0, according to Eq. (b), energy W" of field 
E'", H'" is equal to zero. It also can not become neg- 
ative, therefore during the whole interval considered 
< t < t\ the energy 

W i" = — f (E" 12 + H"' 2 )dV 
v 

2 T" =\e"' 
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should stay equal to zero. This may take place only 
if E'" and H'" stay equal to zero at all points of the 
volume V. Therefore, the two systems of solutions of 
the initial problem E', H' and E", H", supposed by 
us to be different, are necessarily identical. So the 
uniqueness theorem is proved. 

It is easy to get convinced that in case of the whole 
infinite space the fixing of field vectors values on the 
bounding surface S may be replaced by putting the 
following conditions at infinity: 

ER 2 and HR 2 at R — > oo stay finite. 

Indeed, it follows from these conditions that the in- 
tegral of the Poynting vector over an infinitely distant 
surface is occurred to be zero. This fact enables us 
to prove applicability of the above inequality to the 
whole infinite space, starting from the Poynting equa- 
tion. Also uniqueness of solutions for the field equa- 
tions follows from this inequality" . 

For consistency with the relativity principle for all electro- 
magnetic phenomena, besides the requirement that the Max- 
well-Lorentz equations remain unaltered under the Lorentz 
transformations, it is necessary that the equations of motion 
of charged particles under the influence of the Lorentz force 
remain unaltered, also. 

All the aforementioned was only performed in works O |3) 
by H. Poincare. The invariability of physical equations in all iner- 
tial reference systems is just what signifies the identity of physical 
phenomena in these reference systems under identical conditions. 
Precisely for this reason, all natural standards are identical in all 
inertial reference systems. Hence, for instance, follows the equal- 
ity of the NaCl crystal lattice constants taken to be at rest in two 
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inertial reference systems moving with respect to each other. This 
is just the essence of the relativity principle. The relativity prin- 
ciple was understood exactly in this way in classical mechanics, 
also. Therefore, one can only be surprised at what Academician 
V. L. Ginzburg writes in the same article (see this edition, the foot- 
note on pageBTT): 

"I add that, having reread now (70 years after they 
were published!) the works ofLorentz and Poincare, I 
have been only able with difficulty and knowing the 
result beforehand (which is known to extremely fa- 
cilitate apprehension) to understand why invariance 
of the equations of electrodynamics with respect to 
the Lorentz transformations, demonstrated in those 
works, could at the time be considered as evidence 
for validity of the relativity principle". 

Though A. Einstein wrote in 1948 

"With the aid of the Lorentz transformation the spe- 
cial relativity principle can be formulated as follows: 
the laws of Nature are invariant with respect to the 
Lorentz transformation (i. e. a law of Nature must not 
change, if it would be referred to a new inertial refer- 
ence system obtained with the aid ofLorentz transfor- 
mation for x, y, z, t) ". 

Now, compare the above with that written by H. Poincare in 
1905: 

"...If it is possible to give general translational mo- 
tion to a whole system without any visible changes 
taking place in phenomena, this means that the equa- 
tions of the electromagnetic field will notchange as a 
result of certain transformations, which we shall call 
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Lorentz transformations; two systems, one at rest, 
and another undergoing translational motion repre- 
sent, therefore, an exact image of each other". 

We see that classical works require attentive reading, not to 
mention contemplation. 

We shall now establish the law for transformation of the Lorentz 
force under transformation from one inertial reference system to 
another. The equations of motion will be established in Section 9. 
The expression for the Lorentz force, referred to unit volume, will, 
in reference system K, have the form (8.2) 



Then, in reference system K' we must have a similar expression 



Replacing all the quantities by their values (8.15), (8.17), (8.29), 
(8.30) and (8.35), we obtain 



f = P E + p- v,H 



(8.35) 



f' = p 'E' + p'- \u',H' 



(8.36) 



fy fyi fz f' 



zi 



(8.38) 



here by / we denote the expression 




(8.39) 



These formulae were first found by Poincare. We see that 
scalar / and vector / transform like components of (x°, x). Now 
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let us establish the law for the transformation of a force referred to 
unit charge 



E + 



v,H 



f 



f 



Making use of (8.37), (8.38) and (8.39), we find 



F' 



P -F F' = ^F 

» ,>' lr z // 



(8.40) 

(8.41) 
(8.42) 



On the basis of (8.15) we have 



&_ 

i u 



(8.43) 



To simplify (8.43) we shall derive an identity. Consider a certain 
inertial reference system K, in which there are two bodies with 
four- velocities U" and U% (see (9.1)) respectively 



U v , = 7i, -7i , ^2 = 72, -72 ; 



v 2 



(8.44) 



then, in the reference system K', in which the first body is at rest, 
their four- velocities will be 



t/;" = (i,o), 



(8.45) 



Since the product of four-vectors is an invariant, we obtain 



l' = 7i72 ( 1 - 



ViV 2 



(8.46) 
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Setting in this expression v 2 = v, and v\ = u (velocity along the 
x axis), we find 



u 2 v 2 



1 - (8.47) 



c 2 



1 

On the basis of (8.43) and (8.47) we obtain 



cf- 



1 



(v>) 2 



P V c : 



2 



(8.48) 



1-^ 

c 2 



where is the charge's velocity in the reference system K'. Sub- 
stituting (8.48) into (8.41) and (8.42) we obtain the four-force R u 
determined by the expression 

R = J—r , R = jJL= , (8.49) 

v v 

V~7 2 V'V 2 

which transforms under the Lorentz transformations like (ct, x) 

K = i (r x - ^r) , R' = j(r- ^r x ] 



(8.50) 



Ry • 



Such a four- vector of force was first introduced by Poincare 

QED. 

With the aid of formulae (8.28) and (8.9) the Lorentz force 
(8.35) can be written as 

f" = -F^S,- (8.51) 

c 
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similarly, for the four-vector of force R v we have 

R u = p^u^ ( 85 2) 

Now let us calculate the energy-momentum tensor of the electro- 
magnetic field. By means of Eqs. (8.51) and (8.27) we obtain 



f» = -7Z P«( V) - F m 9 a F^). (8.53) 



1 

47T 1 

With the help of identity (8.24) the second term may be written as 
follows 

F» a d a F vt , = -jdvF^F*" 3 . 
Taking into account this equation we get 

U = ~d a T?, (8.54) 
where T* is energy-momentum tensor of the electromagnetic field 

T a = — F F m ^ — b a F^ F a 

v 47T + 16vA ^ 

or in symmetric form 

T aa = + -±-r a F^F^. (8.55) 



For more details see Section 15 p. 12171 

The components of energy-momentum tensor may be expressed 
through E and H as follows 



r°° = — r^ + if 2 ) 

8tt V ' 



cT 0i = S' 1 = -^-[EH]i, 



T lk = — — (EiE k + HiH k — -5 ik (E 2 + H 2 ] 
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From Eq. (8.54) by integrating it over the whole space we get 



This result coincides with the expression obtained by H. Poincare 
(see Section 9, p. II 161) 

Thus, the entire set of Maxwell-Lorentz equations is written 
via vectors and tensors of four-dimensional space-time. The Lo- 
rentz group, that was discovered on the basis of studies of elec- 
tromagnetic phenomena, was extended by H. Poincare [2, 3] to 
all physical phenomena. 

In ref. [3 1 developing Lorentz ideas he wrote: 

". . . All forces, of whatever origin they may be, be- 
have, owing to the Lorentz transformations (and, con- 
sequently, owing to translational motion) precisely like 
electromagnetic forces ". 

H. Poincare wrote: 

"The principle of physical relativity may serve us 
in defining space. It gives us, so to say, a new instru- 
ment for measurement. Let me explain. How can a 
solid body serve us in measuring or, to be more cor- 
rect, in constructing space ? The point is the follow- 
ing: by transferring a solid body from one place to 
another, we thus notice that it can, first, be applied to 
one figure and, then, to another, and we agree to con- 
sider these figures equal. This convention gave rise 
to geometry. . . Geometry is nothing, but a doctrine on 
the reciprocal relationships between these transfor- 
mations or, to use mathematical language, a doctrine 
on the structure of the group composed by these trans- 
formations, i. e. the group of motions of solid bodies. 
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Now, take another group, the group of transforma- 
tions, that do not alter our differential equations. We 
obtain a new way of determining the equality of two 
figures. We no longer say: two figures are equal, when 
one and the same solid body can be applied both to 
one figure and to the other. We will say: two figures 
are equal, when one and the same mechanical system, 
sufficiently distant from neighbouring that it can be 
considered isolated, being first accommodated so that 
its material points reproduce the first figure, and then 
so that they reproduce the second figure, behaves in 
the second case like in the first. Do these two views 
differ from each other in essence ? No. . . 

A solid body is much the same mechanical system 
as any other. The only difference between our previ- 
ous and new definitions of space consists in that the 
latter is broader, allowing the solid body to be re- 
placed by any other mechanical system. Moreover, 
our new conventional agreement not only defines space, 
but time, also. It explains to us, what are two simulta- 
neous moments, what are two equal intervals of time, 
or what is an interval of time twice greater than an- 
other interval". 

Further he notes: 

"Just transformations of the "Lorentz group " do 
not alter differential equations of dynamics. If we sup- 
pose that our system is referred not to axes at rest, but 
to axes in translational motion, then we have to admit, 
that all bodies are deformed. For example, a sphere 
is transformed to an ellipsoid which smallest axis co- 
incides with the direction of translational motion of 
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coordinate axes. In this case the time itself is expe- 
rienced profound changes. Let us consider two ob- 
servers, the first is connected to axes at rest, the sec- 
ond — to moving axes, but both consider themselves 
at rest. We observe that not only the geometric ob- 
ject treated as a sphere by first observer will be looked 
liked an ellipsoid for the second observer, but also two 
events treated as simultaneous by the first will not be 
simultaneous for the second.". 

All the above formulated by H. Poincare's (not mentioning the 
content of his articles [2, 3] ) completely contradicts to A. Einstein 
words written in his letter to professor Zangger (Director of Law 
Medicine Institute of Zurich University) 16.11.1911, that H. Poin- 
care "has taken up a position of unfounded denial (of the theory of 
relativity) and has revealed insufficient understanding of the new 
situation at all" . (B. Hoffmann ". Einstein", Moscow: Progress, 
1984, p. 84 (in Russian)). 

If one reflects upon H. Poincare's words, one can immediately 
perceive the depth of his penetration into the essence of physical 
relativity and the relationship between geometry and group. Pre- 
cisely in this way, starting from the invariability of the Maxwell- 
Lorentz equations under the Lorentz group transformations, which 
provided for consistency with the principle of physical relativity, 
H. Poincare discovered the geometry of space-time, determined by 
the invariant (3.22). 

Such space-time possesses the properties of homogeneity and 
isotropy. It reflects the existence in Nature of the fundamental 
conservation laws of energy, momentum and angular momentum 
for a closed system. Thus, the "new convention" is not arbitrary, 
it is based on the fundamental laws of Nature. 

Now let us quote one striking statement by Hermann Weyl. It 
is written in his book "Raum. Zeit. Materie" appeared in 1918: 
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"The solution of Einstein (here is the reference to 
the 1905 paper by A. Einstein — A.L.), which at one 
stroke overcomes all difficulties, is then this: the world 
is a four-dimensional affine space whose metrical 
structure is determined by a non-definite quadratic 
form 

Q(x) = (xx) 

with has one negative and three positive dimensions ". 

Then he writes: 

"(OA, OA) = -xl + x\ + x\ + x\ , 

in which the Xi 's are the co-ordinates of A". 

But all this mentioned by H. Weyl was discovered by H. Poincare 
(see articles [2, 3] ), and not by A.Einstein. Nonetheless H. Weyl 
does not see this and even more, he writes in his footnote: 

"Two almost simultaneously appeared works by 
H. Lorentz and H. Poincare, are closely related to it 
(the article by A. Einstein of 1905 — A.L.). They are 
not so clear and complete in presenting principal is- 
sues as Einstein 's article is. 

Then references to works by Lorentz and Poincare are given. Very 
strange logic. H. Weyl has exactly formulated the solution, "which 
at one stroke overcomes all difficulties", but namely this is con- 
tained in articles by H. Poincare [2, 3], and not in Einstein's 
ones. It is surprising how he has not seen this during his read- 
ing the Poincare articles, because, as he mentions correctly, the 
essence of the theory of relativity is namely this. All the main con- 
sequences of it follow trivially from this, including the definition 
of the simultaneity concept for different space points by means of 
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the light signal, introduced by H. Poincare in his articles published 
in 1898, 1900 and 1904. 

What a clearness and completeness of presentation of the prin- 
cipal issues is additionally necessary for Weyl when he himself 
has demonstrated what "at one stroke overcomes all difficulties." 
H. Weyl should better be more attentive in reading and more accu- 
rate in citing literature. 

Above we have convinced ourselves that the symmetric set 
of equations of electrodynamics, (8.1), (8.2), which is invariant 
with respect to coordinate three-dimensional orthogonal transfor- 
mations, at the same time turned out to be invariant, also, with re- 
spect to Lorentz transformations in four-dimensional space-time. 
This became possible due to a number of vector quantities of Eu- 
clidean space become, together with certain scalar quantities of the 
same space, components of four-dimensional quantities. At the 
same time, some vector quantities, such as, for example, E, H, 
are derivatives of the components of four-dimensional quantities, 
which is the evidence that they are components of a tensor of the 
second rank in Minkowski space. The latter leads to the result 
that such concepts as electric and magnetic field strengths are not 
absolute. 
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In Section 3 we saw that the requirement of fulfilment of the rela- 
tivity principle for electrodynamics leads to transition from one in- 
ertial reference system to another, moving with respect to the first 
along the x axis with a velocity v, being realized not by Galilean 
transformations (2.5), but by Lorentz transformations (3.1). Hence 
it follows, of necessity, that the equations of mechanics must be 
changed to make them form-invariant with respect to the Lorentz 
transformations. Since space and time are four-dimensional, the 
physical quantities described by vectors will have four compo- 
nents. The sole four-vector describing a point- like body has the 
form 

dr v 

U v = (9.1) 

da 

Here the interval da in Galilean coordinates is as follows 

(da) 2 = c 2 dt 2 (l - V 4). (9.2) 



c 2 



Substituting the expression for da into (9.1) we obtain 

U° = l, U l = l~i v' = —, i = l,2,3. (9.3) 
c dt 

This four-vector of velocity was first introduced by Poincare 

[3]. 

We now introduce the four- vector of momentum 

p v = m cU u (9.4) 

where m is rest mass of a point-like body. 

The relativistic equations of mechanics can intuitively be writ- 
ten in the form 

mc 2 ^— = F V , (9.5) 
da 
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here F u is the four-vector of force, which is still to be expressed 
via the ordinary Newtonian force /. It is readily verified that the 
four-force is orthogonal to the four-velocity, i. e. 

F"U V = 0. 

On the basis of (9.2) and (9.3) equation (9.5) can be written in 
the form 

/ \ 



d_ 

It 



d 
di 



mv 



( 



v 
\ 



(9.6) 



mc 



1 - 



F\l- 



(9.7) 



.2 / 



Since from the correspondence principle at small velocities equa- 
tion (9.6) should coincide with Newton's equation, it is natural to 

— * 

define F as follows: 



F = 



f 



(9.8) 



here / is the usual three-dimensional force. 

Now let us verify, that equation (9.7) is a consequence of equa- 
tion (9.6). Multiplying equation (9.6) by the velocity v and differ- 
entiating with respect to time, we obtain 
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On the other hand, upon differentiation with respect to time, equa- 
tion (9.7) assumes the form 



m 



1 c 2 



~db 



cF°\ 1 



(9.10) 



Comparing (9.9) and (9.10), we find 



(9.11) 



1 - 



On the basis of relations (9.8) and (9.1 1) the equations of relativis- 
tic mechanics assume the form 



/ 



d 
dt 



d 
dl 



\ 



mv 



(9.12) 



/ 



mc 



fv. 



(9.13) 



These equations were first obtained by H. Poincare 0. Equa- 
tion (9.13) relates the change in particle energy and the work done 
per unit time. 

Having obtained these equations, Poincare applied them for 
explaining the anomalies in the movement of Mercury. In this 
connection he wrote: 
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"Thus, the new mechanics is still on unsteady soil. 
So we are to wished it new confirmations. Let us see 
what astronomical observations give us in this con- 
nection. The velocities of planets are, doubtless, rel- 
atively very small, but, on the other hand, astrono- 
mical observations exhibit a high degree of precision 
and extend over long intervals of time. Small actions 
can, apparently, add up to such an extent, that they 
acquire values permitting to be estimated. The only 
effect, with respect to which one could expect it to be 
noticeable is the one we actually see: I mean the per- 
turbations of the fastest of all planets — Mercury. It 
indeed shows such anomalies in its motion that can 
still not be explained by celestial mechanics. The shift 
of its perihelion is much more significant than calcu- 
lated on the basis of classical theory. Much effort has 
been applied with the aim of explaining these devi- 
ations . . . The new mechanics somewhat corrects the 
error in the theory of Mercury 's motion lowering it to 
32", but does not achieve total accordance between 
the observation and calculation. This result, is, thus, 
not in favour of the new mechanics, but at any rate, 
it also is not against it. The new doctrine does not 
contradict astronomical observations directly ". 

One can see here, how careful H. Poincare was in his estima- 
tion of results. This was quite understandable, since the theory was 
still under development, and therefore attentive and multiple expe- 
rimental tests of its conclusions were required. It turned out that 
these equations were valid only when gravity was neglected. Later 
A. Einstein explained the anomaly in the motion of Mercury on the 
basis of general relativity theory, in which gravity is a consequence 
of the curvature of space-time. But to explain the anomaly in the 
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motion of Mercury Einstein actually had to renounce special rela- 
tivity theory and, as a consequence, the fundamental conservation 
laws of energy-momentum and of angular momentum. 

From equations (9.12) it follows that the equations of classical 
mechanics are valid only when the velocity v is small as compared 
with the velocity of light. It is just the approximate character of 
the equations of classical mechanics that has led to the origina- 
tion of the Galilean transformations, that leave the equations of 
mechanics unchanged in all inertial reference systems. 

In three-dimensional form the momentum and energy have the 
form 

p = 'jmv, E = p°c = 'jmc 2 . (9.14) 

From (9.12) and (9.13) it follows that for a closed system energy 
and momentum are conserved. As we see from formula (9.14), 
energy E is not an invariant. It has been and remains to be 
an invariant only with respect to three-dimensional coordinate 
transformations, and at the same time it is the zeroth compo- 
nent of the four-dimensional momentum vector in Minkowski. 

As an example let us calculate the energy of a system of two 
particles a and b in two different systems of reference. To proceed 
so let us consider the invariant 

V = ( Pa + p b f. 

In the system of reference where one particle is at rest, 

Pa = 0, 

we have 

V = 2mE + 2m 2 c 2 . 

Here we take masses for particle a and for particle b as equal. The 
same invariant is 

V=(p a +p b ) 2 = A—, 
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when estimated at the reference system where the center of mass 
is at rest 

Pa+Pb = 0, 

and S is a particle energy calculated in this system of reference. 

When comparing these expressions we get a connection be- 
tween the energies in these two reference systems: 

£2 

E = 2 — - - mc 2 . 
mc 2 

The collision energy of two particles is used with most effi- 
ciency in case when the center of mass of the two particles is at 
rest in laboratory system of reference. Just this situation is real- 
ized in colliders. There is no loss of energy for the center of mass 
motion. 

One who has felt the four-dimensionality of space-time, could 
have seen immediately that energy and momentum are combined 
in the four-momentum. Moreover, he would have understood that 
in the case of a closed system they obey the energy and momentum 
conservation law. 

In 1905 A. Einstein has proposed really existent quanta of the 
light energy fko to explain the photo-effect. If he would understand 
in deep the existence and meaning of the group, and so the require- 
ment of relativity principle that physical quantities should be four- 
dimensional, then he could introduce for light the quantum of mo- 
mentum in line with the quantum of energy. Moreover that time 
it was already proved experimentally (P.N. Lebedev, 1901) that 
the light was carrying not only the energy, but also the momentum 
and so it was exerting pressure on solid bodies. But A. Einstein 
has not done this. The momentum of the quantum of light has 
been introduced by J. Stark in 1909. He took it into account in the 
momentum conservation law. So the quantum of light, the photon, 
has appeared (as a particle). 
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Energy and momentum according to (9.4) transform as follows 
under Lorentz transformations 

P' x = 7 (px ~ v^j , p'y = p y , v' z = Pz, E' = j(E - vp x ). 

A monochromatic plane light wave is characterized by frequency 

-> uj 

uj and wave vector K — — n. Together they are components of 

c 

four-dimensional wave vector 



f UJ UJ A 

— ,— n . 

V c c / 



Square of this four-dimensional wave vector is zero due to the 
wave equation 

K V K V = 0. 

The meaning of this fact is that the rest mass is zero. 

The frequency uj and the wave vector K transform under Lorentz 
transformations in the same way as ct, x, i. e. as follows 



uj'n' x = wy 



oj'n' y = uriy, uj'n' z = ujn z . 



Just the same formulae stay valid for photon which rest mass is 
zero. The vector of four-momentum of photon is as follows 

where h is the Planck constant. 

It follows from the above that energy E and frequency uj trans- 
forms in the same way. Formulae given above explain Doppler 
effect, i. e. the change of the light frequency when it is emitted by 
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a moving source. The Doppler effect takes place also when the 
direction of movement of the light source is perpendicular to the 
direction of observation (n' x = 0). So far as 

u = u/i (l + -^<) , 

we obtain for the transverse Doppler effect the following result 

LO 1 = IQ\[\ — v/c 2 . 

This effect is small enough in comparison with the longitudinal 
one. From the above formulae it is also possible to determine how 
the direction of light beam changes under transformation to an- 
other inertial reference system 

v 



1 n x 

c 

This formula shows the effect of aberration. We will return to 
this subject in Section 16. 

The covariant vector of four- velocity is U u = U a ^ au , but since 
in Galilean coordinates ^ av = (1,-1,— 1,-1), we obtain 

U u = (U°, -TP). (9.15) 

Taking into account (9.1) and (9.15) it is possible to compose the 
invariant 

U V U V = (U ) 2 - {Uf = 1, (9.16) 

which by virtue of the definition of the four-vector U v will be 
unity. This is readily verified, if the values determined by for- 
mulae (9.3) are substituted into (9.16). Thus, we have 



p u p u = (mc) 2 , or E = c \J 'p 2 + m 2 c 2 . 



(9.17) 
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In formula (9.17) we have retained for energy only the positive 
sign, however the negative sign of energy also has sense. It turns 
out to be significant in the case of unification of relativity theory 
and quantum ideas. This led Dirac to predicting the particle (po- 
sitron) with the mass of the electron and positive charge, equal to 
the electron charge. Then the ideas arose of "elementary" parti- 
cles creation in the process of interaction, of the physical vacuum, 
of the antiparticles (V. Ambartzumyan, D. Ivanenko, E. Fermi ). It 
has opened the possibility of transformation of the colliding par- 
ticles kinetic energy to the material substance possessing rest 
mass. So the need to construct accelerators for high energies to 
study microcosm's mysteries has arisen. 

On the basis of (9.14) equation (9.12) assumes the form 

d ( E \ 7 E dv 7 v dE _ 

From (9.18) it follows that the acceleration of a body, determined 

dv 

by the expression — does not coincide in direction with the acting 

dt 

force /. From the equations of Poincare's relativistic mechanics 
we have on the basis of (9.17), for a body in a state of rest 

Eq = mc 2 , 

where E is the energy, m is the mass of the body at rest. 

From (9.17) it is evident, that mass m is an invariant. This re- 
lation is a direct consequence of pseudo-Euclidean structure of the 
space-time geometry. The connection between energy and mass 
first arose in relation to the inert property of the electromagnetic 
radiation. Formula E = mc 2 for radiation had been found for the 
first time in the article by H. Poincare in 1900 in clear and exact 
form. 
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Let us quote some extractions from the article by H. Poincare 
published in 1900 "Lorentz theory and principle of equality of ac- 
tion and reaction" (put into modern notations by V. A. Petrov): 

"First of all let us shortly remind the derivation 
proving that the principle of equality of action and re- 
action is no more valid in the Lorentz theory, at least 
when it is applied to the matter. 

We shall search for the resultant of all pondero- 
motive forces applied to all electrons located inside a 
definite volume. This resultant is given by the follow- 
ing integral 



F 




where integration is over elements dV of the consid- 
ered volume, and v is the electron velocity. 



Due to the following equations 




— * 

4np = divE, 



and by adding and subtracting the expression — VH , 
I can write the following formula 



4 




1 
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where 



a™ 

dt 



F 2 = ]- I dV(HV)H, 



Air 



8vr/ 



F 3 = -— I dVVH 2 , 



F 4 = ^- J dVE(divE). 

Integration by parts gives the following 

F 2 = — [ daH(nH) - — [ dVH(divH), 
An J An J 



Fs = ~ I danH 2 , 

07T 



where integrals are taken over all elements da of the 
surface bounding the volume considered, and where n 
denotes the normal vector to this element. Taking into 
account 

divH = 0, 
it is possible to write the following 

F 2 + F 3 = ^-J da (2H(nH) - nH 2 } . (A) 

Now let us transform expression F 4 . Integration by 
parts gives the following 

F 4 = -L J daE{nE) dV{EV)E. 

— * — * 

Let us denote two integrals from r.h.s. as F' A and F'l, 
then 

F 4 = F>- F'l. 
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Accounting for the following equations 

we can obtain the following formula 
F'; = Y + Z, 

where 

Y — — I dVVE 2 , 
8tt J 



Aixc 



dV 



p dH 



As a result we find that 



dt J Anc 1 J 
At last we get the following 

* = i/^i + <A + A) + <3-?). 

where (F 2 + F 3 ) is given by Eq. (A), whereas 
F' A ~Y = ^- J da(2E(nE) - nE 2 ^ . 

— * — * 

Term (F 2 + F 3 ) represents the pressure experienced by 
different elements da of the surface bounding the vol- 
ume considered. It is straightforward to see that this 
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pressure is nothing else, but the Maxwell magnetic 
pressure introduced by this scientist in well-known 
theory. Similarly, term (F' A — Y) represents action of 
the Maxwell electrostatic pressure. In the absence of 
the first term, 

4- [dV-L[HE], 
dt J Anc 1 J 

the ponderomotive force would be nothing else, but a 
result of the Maxwell pressures. If our integrals are 
extended on the whole space, then forces F 2 ,F 3 ,F A 

— * 

and Y disappear, and the rest is simply 




If we denote as M the mass of one of particles consid- 
ered, and as v its velocity, then we will have in case 
when the principle of equality of action and reaction 
is valid the following: 

Mv = const. 3 

Just the opposite, we will have: 

J^Mv- J ^-[HE] = const. 

Let us notice that 

— —[HE] 

4tt [ J 

is the Poynting vector of radiation. 
3 The matter only is considered here. — A. L. 
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If we put 



1 



(H 2 + E 2 ), 



J 



then the Poynting equation gives the following 



The first integral in the r.h.s., as well known, is the 
amount of electromagnetic energy flowing into the con- 
sidered volume through the surface and the second 
term is the amount of electromagnetic energy created 
in the volume by means of transformation from other 
species of energy. 

We may treat the electromagnetic energy as a ficti- 
tious fluid with density J which is distributed in space 
according to the Poynting laws. It is only necessary 
to admit that this fluid is not indestructible, and it is 
decreasing over value pdVEv in volume element dV 
in a unit of time (or that an equal and opposite in sign 
amount of it is created, if this expression is negative). 
This does not allow us to get a full analogy with the 
real fluid for our fictitious one. The amount of this 
fluid which flows through a unit square surface ori- 
ented perpendicular to the axis i, at a unit of time is 
equal to the following 



where C/j are corresponding components of the fluid 
velocity. 

Comparing this to the Poynting formulae, we ob- 
tain 
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so our formulae take the following form 




— — = const. 



(C) 



They demonstrate that the momentum of substance plus 
the momentum of our fictitious fluid is given by a con- 
stant vector. 

In standard mechanics one concludes from the con- 
stancy of the momentum that the motion of the mass 
center is rectilinear and uniform. But here we have no 
right to conclude that the center of mass of the system 
composed of the substance and our fictitious fluid is 
moving rectilinearly and uniformly. This is due to the 

4 In Eq. (C) the second term in the l.h.s. determines the total momentum 
of the electromagnetic radiation. Just here the concept of radiation momentum 
density arises 




and also the concept of mass density of the electromagnetic field 



where J is the electromagnetic energy density. It is also easy to see from here 
that radiation energy density 



J 



is related to the momentum density 




So the notions of local energy and momentum appeared. All this was firstly 
obtained by H. Poincare. Later these items were discussed in the Planck work 
(Phys. Zeitschr. 1908. 9. S. 828) — A. L. 



9. Poincare's relativistic mechanics 



119 



fact that this fluid is not indestructible. 

The position of the mass center depends on value 
of the following integral 

jlMV, 

which is taken over the whole space. The derivative of 
this integral is as follows 

h d -l d v = - 

J dt 

But the first integral of the r.h.s. after integration trans- 
forms to the following expression 

J JUdV 
or _ 

— * 

when we denote by C the constant sum of vectors from 
Eq.(C). 

Let us denote by M the total mass of substance, 

— * 

by R the coordinates of its center of mass, by Mi 

— * 

the total mass of fictitious fluid, by R\ its center of 
mass, by M 2 the total mass of the system (substance + 
fictitious fluid), by R 2 its center of mass, then we have 

M 2 = M + M 1 , M 2 R-2 — M R + M1R1, 
J x^dV = MiRi 5 

5 H. Poincare also exploits in this formula the concept of the mass density of 
the electromagnetic field introduced by him earlier. — A. L. 



£div( JU)dV - / P x{Ev)dV. 
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Then we come to the following equation 



d 
di 



dV. 



(D) 



Eq. (D) may be expressed in standard terms as fol- 
lows. If the electromagnetic energy is created or anni- 
hilated nowhere, then the last term disappears, whereas 
the center of mass of the system formed of the mat- 
ter and electromagnetic energy (treated as a fictitious 
fluid) has a rectilinear and uniform motion ". 

Then H. Poincare writes: 

"So, the electromagnetic energy behaves as a fluid 
having inertia from our point of view. And we have to 
conclude that if some device producing electromag- 
netic energy will send it by means of radiation in a 
definite direction, then this device must experience a 
recoil, as a cannon which fire a shot. Of course, this 
recoil will be absent if the device radiates energy iso- 
tropically in all directions; just opposite, it will be 
present when this symmetry is absent and when the 
energy is emitted in a single direction. This is just the 
same as this proceeds, for example, for the H. Hertz 
emitter situated in a parabolic mirror. It is easy to es- 
timate numerically the value of this recoil. If the de- 
vice has mass 1 kg, and if it sends three billion Joules 
in a single direction with the light velocity, then the 
velocity due to recoil is equal to 1 sm/sec ". 

When determining the velocity of recoil H. Poincare again exploits 
the formula 
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In § 7 of article [3] H. Poincare derives equations of relativistic 
mechanics. If we change the system of units in this paragraph 
from M — 1, c = 1 to Gaussian system of units, then it is easy to 
see that inert mass of a body is also determined by formula: 




Therefore, it follows from works by H. Poincare that the inert 
mass both of substance, and of radiation is determined by their 
energy. All this has been a consequence of the electrodynamics 
and the relativistic mechanics. 

In 1905 Einstein has published the article "Does the inertia of 
a body depend on the energy contained in it?". Max Jammer 
wrote on this article in his book "The concept of mass in clas- 
sical and modern physics" (Harvard University Press, 1961.): 

</f is generally said that "the theorem of inertia 
of energy in its full generality was stated by Einstein 
(1905)" (Max Born. "Atomic physics". Blackie, 
London, Glasgow ed. 6, p. 55 J. The article referred 
to is Einstein's paper, "Does the inertia of a body 
depend upon its energy content?". On the basis of 
the Maxwell-Hertz equations of the electromagnetic 
field Einstein contended that "if a body gives off the 
energy E in the form of radiation, its mass dimin- 
ishes by E/c 2 ". Generalizing this result for all en- 
ergy transformations Einstein concludes: "The mass 
of a body is a measure of its energy content". 

It is a curious incident in the history of scientific 
thought that Einstein 's own derivation of formula E = 
mc 2 , as published in his article in the "Annalen der 
Physik", was basically fallacious. In fact, what for 
the layman is known as "the most famous mathemati- 
cal formula ever projected" in science (William Cahn. 
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"Einstein, a pictorial biography". New York: Citadel. 
1 955. P. 26 ) was but the result ofpetitio principii, the 

conclusion of begging the question^. 

"The logical illegitimacy of Einstein's derivation 
has been shown by Ives (Journal of the Optical So- 
ciety of America. 1 952. 42, pp. 540-543)". 

Let us consider shortly Einstein's article of 1905 "Does the 
inertia of a body depend on the energy contained in it?" Ein- 
stein writes: 

"Let there be a body at rest in the system (x, y, z), 
whose energy, referred to the system (x, y, z), is E Q . 
The energy of the body with respect to the system (£, r], q), 
which is moving with velocity v as above, shall be H . 

Let this body simultaneously emit plane waves of 
light of energy L/2 (measured relative to (x, y, z)) in 
a direction forming an angle f with the x-axis and 
an equal amount of light in the opposite direction. All 
the while, the body shall stay at rest with respect to the 
system (x,y,z). This process must satisfy the energy 
principle, and this must be true (according to the prin- 
ciple of relativity) with respect to both coordinate sys- 
tems. If Ei and Hi denote the energy of the body after 
the emission of light, as measured relative to systems 
(x,y,z) and ((,r],q), respectively, we obtain, using 
the relation indicated above, 



Eq — Ei + 



L L 

T + T 
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H = H 1 + 



#1 + 



L 1 - y cos L 1 + ^ cos y? 



[f] 



2 2 



1 - 



iVl 



Subtracting, we get from these equations 

1 



(H -E )-(H l -E l ) = L 



1 ". (N) 



1 - 



A. Einstein tries to get all the following just from this relation. 
Let us make an elementary analysis of the equation derived by 
him. According to the theory of relativity 



E „ E l 



V 

c z 



v 2 
c 2 



Einstein seemingly did not take into account such formulae. It 
follows then that 



Hq—E = E \ 



1- V - 

c 2 



1 , Hi— Ei = Ei 



1- V - 

c 2 



1 



and consequently the l.h.s. of the Einstein equation is equal to the 
following 



[H — E Q ) — (Hi — E x ) = (E — Ei) 



- 1 



1 - 



124 



9. Poincare's relativistic mechanics 



then Eq. (N) takes an apparent form 

Eq — E± = L. 

Therefore, it is impossible to get something more substantial from 
the initial Einstein equation (TV). In this work A.Einstein has 
not succeeded in discovering neither physical arguments, nor a 
method of calculation to prove that formula 

E 

M = - 

c l 

is valid at least for radiation. So, the critics given by Ives on the 
A. Einstein work is correct. In 1906 Einstein once more returns to 
this subject, but his work reproduces the Poincare results of 1900, 
as he notes himself. 

Later, Planck in 1907 and Langevin in 1913 revealed, on this 
basis, the role of internal interaction energy (binding energy), which 
led to the mass defect, providing conditions for possible energy 
release, for example, in fission and fusion of atomic nuclei. The 
relativistic mechanics has become an engineering discipline. Ac- 
celerators of elementary particles are constructed with the help of 
it. 

"Disproofs" of the special theory of relativity appearing some- 
times are related to unclear and inexact presentation of its basics 
in many textbooks. Often its meaning is deeply hidden by plenty 
of minor or even needless details presented. The special theory 
of relativity is strikingly simple in its basics, almost as Euclidean 
geometry. 

On the transformations of force 

According to (9.8) and (9.11) the four-force is 




(9.19) 
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[■),= I -7/1. (9.20) 



c 



As we noted above, the force as a four- vector transforms like the 
quantities ct and x, so, 

£ = (fx - /?-/) , (iT'f ) = ^li(vf- c(3f x ), (9.21) 

TV c J 7 

Here 

77 1 

/?=-, 7i= , = , (9.23) 

C / V? 

V 1 " 

w is the velocity along the x axis. 

Consider two particles in the unprimed inertial reference sys- 
tem with the four- velocities 

Ui = , U v 2 = f 7i, 7i-l • (9-24) 



Then, in the inertial reference system, in which the second parti- 
cle is at rest, we have the following expressions for the respective 
four- vectors: 



,v' 



Hence, on the basis of invariance of expression \J\ a JJ^ we have 
the following equality: 

i = 77i (l - • (9.25) 
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Thus, we obtain 

7 



7' / vu 
7i ( 1 - - 



(9.26) 



In our case, when the velocity u is directed along the x axis, we 
have 

* = WW {921) 

Substituting (9.27) into (9.21) and (9.22) we obtain 

— * 

C C C 

f>v> = m^k. (9.29) 

1-/3— 

c 

Hence it is evident that, if the force / in a certain inertial Ga- 
lilean reference system is zero, it is, then, zero in any other iner- 
tial reference system, also. This means that, if the law of inertia 
is valid in one inertial reference system, then it is also obeyed in 
any other inertial reference system. Moreover, the conclusion con- 
cerning the force is not only valid for an inertial reference system, 
but also for any accelerated (non-inertial) reference system. Force 
cannot arise as a result of coordinate transformations. If mo- 
tion by inertia in an inertial reference system proceeds along a 
straight line, then in a non-inertial reference system free motion 
will proceed along the geodesic line, which in these coordinates 
will no longer be a straight line. 

In classical mechanics the force / is the same in all inertial 
reference systems, in relativistic mechanics this is no longer so, the 
components of force, in this case, vary in accordance with (9.28). 
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Let us, now, dwell upon a general comment concerning iner- 
tial reference systems. Inertial reference systems being equitable 
signifies that, if we create in each reference system identical con- 
ditions for the evolution of matter, then we, naturally, should have 
the same description of a phenomenon in each reference system, in 
other words, we will not be able to single out any one of the iner- 
tial reference systems. But, if we have provided some conditions 
for the motion of matter in one inertial reference system, then, 
in describing what goes on in this reference system by observing 
from any other inertial reference system, we will already obtain 
another picture. This does not violate the equality of inertial ref- 
erence systems, since in this case the initial reference system has 
been singled out by the actual formulation of the problem. Pre- 
cisely such a situation arises, when we consider the Universe. 
In this case, there exists a unique, physically singled out iner- 
tial reference system in the Universe, which is determined by 
the distribution of matter. Time in this reference system will 
have a special status as compared with other inertial reference 
systems. This time could be termed the "true time" of the Uni- 
verse. As an example of such a special reference system one 
could choose a reference system, in which the relict electro- 
magnetic radiation is homogeneous and isotropic (see ref.[5] ). 

From the above exposition, especially from Sections 3, 5, 7, 8, 
and 9 it is evident that Henri Poincare discovered all the essentials 
that make up the content of the special theory of relativity. Any 
person, who has graduated from a University in theoretical physics 
and who has attentively read at least two of his articles "On the 
dynamics of the electron", may verify this. 

There exist, also, other points of view: "Poincare did not make 
the decisive step" (de Broglie), "Poincare was, most likely, quite 
close to creating the STR, but did not arrive at the end. One can 
only guess why this happened." (V. L. Ginzburg). But these state- 
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ments characterize their authors' own level of understanding the 
problem, instead of H. Poincare's outstanding achievements in the 
theory of relativity. What is surprising is that the authors show no 
trace of doubt in considering their own incomprehension, or the 
difficulty they had in understanding, as a criterion in evaluating 
the outstanding studies performed by Poincare. In this case there 
is no need to "guess". It is only necessary to read the works by 
Poincare \2, 3| and to think. 

Professor A. Pais wrote the following in his book "Subtle is 
the Lord: the science and the life of Albert Einstein", Oxford 
University Press, 1982: 

"It is evident that as late as 1909 Poincare did not 
know that the contraction of rods is a consequence 
of the two Einstein 's postulates. ( singled out by me 
— A. L.) Poincare therefore did not understand one of 
the most basic traits of special relativity". 

We right away note that the underlined statement is wrong. But 
about this later. 

From everything that A. Pais has written it clearly follows that 
he himself did not understand the fundamentals of special rela- 
tivity. Let me explain. Poincare demonstrated the invariability of 
the Maxwell-Lorentz equations with respect to the Lorentz trans- 
formations, which was consistent with the relativity principle, for- 
mulated by Poincare in 1904 for all natural physical phenomena. 
As we already noted, H. Poincare discovered the fundamental in- 
variant (3.22) 

J = c 2 T 2 -X 2 -Y 2 -Z 2 , 

that establishes the geometry of space-time. Namely hence it fol- 
lows, that the light velocity being constant is a particular conse- 
quence of this formula, when the invariant J is zero. A. Pais had 
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to understand that the Lorentz contraction is related to negative 
J, i. e. to a space-like value of J, not equal to zero. As to the 
slowing down of time, it is related to positive J, i.e time-like J, 
but certainly not equal to zero. Thus, from the above it is clear, 
that contraction of the dimensions of rods is not a consequence 
of the two Einstein's postulates only. Such is the result of a 
superficial knowledge of the relativity theory foundations. 

So with such a knowledge of material A. Pais had tried to prove 
on the pages of his book that H. Poincare had not made the decisive 
step to create the theory of relativity! He,a physicist, "reinforced" 
his view on the contribution of H. Poincare by the decision of the 
Paris Session of the French Philosophical Society in 1922. 

So simple it is! The philosophers have met and made a deci- 
sion whereas they probably have not studied works by Poincare 
on the theory of relativity at all. But such a study required a cor- 
responding professional level. I doubt whether their professional 
level had been higher than one by A. Pais in this field. We should 
say that A. Pais was an outstanding scientist irrespective to this 
criticism and he made a lot of remarkable investigations. 

As to the Lorentz contraction, in the article [3] (§ 6 "The con- 
traction of electrons") H. Poincare deals with this issue in de- 
tail, making use of the Lorentz transformations. All this is clearly 
presented in article [3]. Precisely unification of relativity and the 
Maxwell-Lorentz electrodynamics permitted Poincare to formu- 
late in articles [2] and [3] the foundation of the theory of relativity. 
As to the postulate concerning the constancy of the velocity of 
light, it proved to be just a simple heuristic device, but not a fun- 
damental of the theory. It is a consequence of the requirement that 
electrodynamical phenomena, described by the Maxwell-Lorentz 
equations in Galilean coordinates, be consistent with the relativity 
principle. 

A. Pais, mentioning the group character of Lorentz transforma- 
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tions, writes (see p. 130 of the book cited above): 

"He did, of course, not know that a few weeks 
earlier someone (A. Einstein is understood. — A.L.) 
else had independently noted the group properties of 
Lorentz transformations ..." 

But all this is absolutely incorrect. Article [2] by H. Poincare, 
appeared in "Comptes Rendus" on June, 5, 1905, whereas the 
article by A. Einstein had been sent to publisher on June, 30, 1905. 

H. Poincare, discovered the group and named it as Lorentz 
group. He wrote in article [2]: 

"All these transformations together with all rota- 
tions should form a group ". 

In articles [2; 3] by H. Poincare, the group properties are widely 
used for constructing four-dimensional physical quantities, pro- 
viding the invariance of electrodynamics equations under the 
Lorentz group. While in the article by A. Einstein only the fol- 
lowing is told: 

". . .from this we see that such parallel transforma- 
tions form a group — as they indeed must". 

There is no any other word on the group in the Einstein article. 
From here his misunderstanding that electrodynamic quantities 
should be transformed according to the group in order to provide 
the invariance of equations required by relativity principle follows 
naturally. But all this leads to the consequence that some physical 
quantities become four-dimensional, for example, current density, 
potentials, momentum, and force. 

Striking "discoveries" are made by certain historians near sci- 
ence. Here, follows, for example, one "masterpiece" of such a 
creative activity. S.Goldberg wrote the following in his article 
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("The British Journal for the History of Science". 1970. Vol. V, 
No. 17, p. 73): 

"Poincare had retained the notion of absolute space 
in his work, whether or not that space was accessible 
to observation ". 

"There was in Poincare's mind a preferred frame of 
reference in which the velocity of light was really a 
constant, and only one such frame" . 

S. Goldberg attributes all this to Poincare without any grounds 
whatsoever. Thus, back in 1902, in the book "Science and Hy- 
pothesis", Poincare wrote: 

"Absolute space does not exist. We only perceive 
relative motions ". 

"Absolute time does not exist". 

In 1904 Poincare formulated the principle of relativity for all phy- 
sical phenomena (see Section 3 p. |2"51) and in 1905 established 
that, in accordance with the relativity principle, the equations of 
the electromagnetic field remain the same in all inertial reference 
systems, owing to the Lorentz transformations. 

Thus the equality and constancy of the velocity of light is pro- 
vided for any inertial reference system. All this is expounded in 
the articles by H. Poincare [2, 3], which should have been stud- 
ied carefully by S. Goldberg before writing about an opinion of 
Poincare. 

In evaluating works [2] and [3], as well as the early works 
of H. Poincare in physics, it is necessary to proceed only from 
their content, comparing it with contemporary ideas, but not to 
be guided by outside statements on the issue, even made by well- 
known scientists, contemporaries of Poincare, since the level of 
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many of them was insufficient to fully apprehend what Poincare 
has written. At the time his personality was especially manifest 
in that for him physical problems and their adequate mathematical 
formulation joined naturally and composed a single whole. Name- 
ly for this reason, his creations are exact and modern even after a 
hundred years. H. Poincare was one of those rare researchers, to 
whom natural sciences and mathematics are their proper surroun- 
dings. The young people of today, who are prepared in theoret- 
ical physics, can readily perceive this, if only they, at least, read 
Poincare's works [2] and [3]. What concerns the statements by 
Professor A. Pais and Doctor S. Goldberg, we once more encoun- 
ter, what we saw earlier is a clear attempt to attribute their own 
incomprehension to the author. 

Some authors wishing to stress the preceding character of 
H. Poincare's articles [2], [3] on relativity give two following quotes 
from the book of W. Pauli "Theory of Relativity" written by him 
in young age in 1921: 

"Is was Einstein, finally, who in a way completed 
the basic formulation of this new discipline ". 

"It includes not only all the essential results con- 
tained in the other two papers, but shows an entirely 
novel, and much more profound, understanding of the 
whole problem ". 

Below we will give a quotation from W. Pauli related to the same 
subject, but written later, in 1955. 

To the first Pauli quotation it should be said that no further 
completion of works [2], [3] by H. Poincare is required. All the 
main results which contain the full content of the theory of relativ- 
ity are formulated there and in the most definite form. 

What about the second statement by Pauli, the case is just op- 
posite. It is sufficient to compare the content of the Poincare and 
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Einstein works to conclude that articles [2], [3] by Poincare con- 
tain not only all the main content of the article by Einstein of 1905 
(moreover Poincare has formulated everything definitely in con- 
trast to Einstein), but also contain main parts of the later work 
by Minkowski. What about words by Pauli on "deep understand- 
ing of the whole problem", it is just present in articles [2], [3] by 
Poincare. For example: 

"All forces behave in the same way as electromag- 
netic forces irrespective of their origin. This is due 
to Lorentz transformations (and consequently due to 
translational motion)". 

In other words Lorentz invariance is universal. All the above in 
full can be said about gravitational forces. 

Further, Poincare discovered pseudo-Euclidean geometry of 
space-time, revealed the four-dimensionality of physical quanti- 
ties. He constructed the equations of relativistic mechanics, pre- 
dicted existence of the gravitational waves, propagating with the 
velocity of light. Then, what else "deep understanding of the 
whole problem" may be spoken about? 

There is a surprising statement by L. de Broglie made in 1954: 

"A bit more and it would be H. Poincare, and not 
A. Einstein, who first built the theory of relativity in 
its full generality and that would deliver to French 
science the honor of this discovery.. . . But Poincare 
has not made the decisive step and left to Einstein 
the honor to uncover all the consequences following 
from the principle of relativity, and in particular, by 
means of a deep analysis of measurements of length 
and time, to discover the real physical nature of rela- 
tion between space and time maintained by the prin- 
ciple of relativity" . 
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In fact all is just opposite to the L. de Broglie writings. H. Poin- 
care gave detailed analysis of time measurements already in his 
article of 1898 "The measurement of time", in particular, by 
means of a light signal. Later, in articles of 1900 and 1904 he de- 
scribes a procedure for determination of simultaneity at different 
points of space by means of a light signal in a moving inertial sys- 
tem of reference, and therefore reveals the physical meaning of 
local time by Lorentz. In 1904 in article [1] he was the first who 
formulated the principle of relativity for all physical phenomena. 
In 1905 being based on the Lorentz paper H. Poincare has discov- 
ered the Lorentz group in articles [2; 3] and on this ground proved 
invariance of Maxwell-Lorentz equations under Lorentz transfor- 
mations in full agreement with the relativity principle. H. Poincare 
extrapolated the Lorentz group on all physical forces. Therefore 
the Lorentz invariance became universal and valid also for grav- 
itational phenomena. In article [3], being based on the Lorentz 
group H. Poincare introduced pseudo-Euclidean space-time geom- 
etry. So, the homogeneous and isotropic space-time arose which 
was defined by the invariant 

2j.2 2 2 2 

c t — x —y — z . 

It was developed in relativity of time and length concepts, in sym- 
metry of physical laws, in conservation laws, in existence of the 
limiting velocity for material bodies, in four-dimensionality of 
physical quantities. The connection between space and time was 
determined in full by the structure of geometry. There is no such 
a deep insight into the essence of the problem in the article by 
A. Einstein. Following these ideas H. Poincare discovered equa- 
tions of relativistic mechanics and predicted existence of gravita- 
tional waves propagating with velocity of light. Therefore H. Poin- 
care deduced all the most general consequences from the princi- 
ple of relativity. There is no an idea from the 1905 work by 
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A. Einstein which has not been present in articles by H. Poinca- 
re. The work by A. Einstein is rather elementary in realization of 
ideas. Though in fact the realization of ideas required high level of 
analysis. In H. Poincare's works [2; 3] there is not only a high level 
analysis and realization, but they contain also much new which is 
not contained in the article by A. Einstein and which has deter- 
mined further development of the theory of relativity. How Louis 
de Broglie has not seen all this when reading the Poincare articles? 
Compare writings by Louis de Broglie to writings by W. Pauli of 
1955 (see present edition, p. II 361) . 

It is quite evident, that Louis de Broglie has not gained an 
understanding of the essence of the problem as a matter of 
fact. Though being the Director of the Henri Poincare Institute he 
had to do so. 

Being based upon opinions by Louis de Broglie Academician 
V. L. Ginzburg writes: 

"As we see, the position ofL. de Broglie, referring 
to the memory ofH. Poincare with a deep respect and 
with a maximal kindness, should be considered as one 
more testimony that the main author of the SRT is 
A. Einstein". 

All this is strange. One would think everything is simple here: if 
your qualification admits you, then take the article by A. Einstein 
of 1905 and the articles by H. Poincare, compare them and all will 
be clear. Just this will be considered in details in further Sections. 
What about the quotation of L. de Broglie, it clearly demonstrates 
his superficial knowledge of the works by H. Poincare. 

P. A. M. Dirac wrote in 1979 (Proceedings of the 1979 Ein- 
stein Centennial Symposium: Some Strangeness in the Proportion. 
Addison- Wesley MA 1980. P. 111.): 

"In one respect Einstein went far beyond Lorentz 
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and Poincare and the others, and that was in assert- 
ing that the Lorentz transformation would apply to 
the whole of physics and not merely to phenomena 
based on electrodynamics. Any other physical forces 
that may be introduced in the future will have to con- 
form to Lorentz transformations, which is going far 
beyond what the people who were working with elec- 
trodynamics were thinking about". 

But just relating to this H. Poincare wrote in 1905-1906 in articles 
[2; 3]: 

". . . All forces, despite of the nature they may have, 
behave according to Lorentz transformations ( and con- 
sequently, according to translational motion) just in 
the same way as electromagnetic forces" . 

Comparing the quotation from Poincare with the words by Dirac, 
it is easy to get convinced, that all this considered by Dirac as 
the achievement by Einstein is contained in full in article [2] by 
Poincare. Therefore the quoted statement by Dirac: "In one re- 
spect Einstein went far beyond . . . Poincare" is simply incorrect. 
Poincare was the first who extrapolated Lorentz transformations 
onto any forces of nature, including gravitational ones. 

The following, for example, is what Richard Feynman wrote 
(see his book The Character of Physical law. BBC, 1965): 

"It was Poincare's suggestion to make this analysis 
of what you can do to the equations and leave them 
alone. It was Poincare's attitude to pay attention to 
the symmetries of physical laws". 

In 1955, in connection with the 50-th anniversary of relativity 
theory W. Pauli wrote: 
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" Both Einstein and Poincare, took their stand on 
the preparatory work of H.A. Lorentz, who had al- 
ready come quite close to the result, without however 
quite reaching it. In the agreement between the re- 
sults of the methods followed independently of each 
other by Einstein and Poincare I discern a deeper 
significance of a harmony between the mathematical 
method and analysis by means of conceptual experi- 
ments ( Gedankenexperimente ), which rests on general 
features of physical experience" . 

Compare this quotation from W. Pauli with words by L. de Broglie 
of 1954. 

The articles by Henri Poincare are extremely modern 
both in content and form and in the exactness of exposition. Truly, 
they are pearls of theoretical physics. 

Now let us return to words by Academician V.L. Ginzburg (see 
this edition, p.l9"4"l). further he says about the principle of relativity: 

". . . Moreover, Lorentz and Poincare interpreted this 
principle only as a statement on impossibility to reg- 
ister the uniform motion of a body relative to ether". 

This is absolutely incorrect in relation to Poincare. Let me 
explain. This principle in Poincare formulation is as follows [1]: 

"The principle of relativity, according to which the 
laws for physical phenomena should be the same both 
for observer at rest and for observer in uniform mo- 
tion, i. e. we have no any method to determine whether 
we participate in such motion or not and we cannot 
have such a method in principle." . 

There is no term "ether" in this formulation of the relativity prin- 
ciple. Therefore the statement by V.L. Ginzburg is a simple mis- 
understanding. Let us present some trivial explanations in this 
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connection. It follows from the formulation of the relativity prin- 
ciple that an observer performing a translational uniform motion 
can move with any constant velocity and so there is an infinite 
set of equitable reference systems with the same laws for physical 
phenomena. This set of equitable reference systems includes also 
a system of reference taken as a system of rest. 
Then V. L. Ginzburg continues: 

". . . It is possible to go from above to consideration 
of all inertia! systems of reference as completely eq- 
uitable ( this is the modern treatment of the relativity 
principle) without special efforts only in case if we 
understand Lorentz transformations as transforma- 
tions corresponding to transition to the moving ref- 
erence system (emphasized by me. — A. L.)". 

To have in mind that Poincare has not understood that Lorentz 
transformations correspond to transition from the "rest" system 
of reference to the moving one is also a misunderstanding. This 
trivially follows from the Lorentz transformations. 
From the Lorentz transformations 

x' = j(x — et) 

it follows that the origin of the new system of reference 

x' = 0, y' = 0, z' = 

moves along axis x with velocity e: 

x = et 

in relation to another system of reference. Therefore, Lorentz 
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transformations connect variables (t, x, y, z) referring to one sys- 
tem of reference with variables (£', x',y', z') referring to another 
system moving uniformly and straightforwardly with velocity e 
along axis x relatively to the first system. The Lorentz transfor- 
mations has taken place of the Galilean transformations speaking 
figuratively. 

Let us consider in more detail the statement by V. L. Ginzburg. 
He notes that "if one understands Lorentz transformations as trans- 
formations corresponding to transition to a moving system of ref- 
erence" , then "it is possible without special efforts" to go on to 
"the treatment of all inertia! systems of reference as completely 
equitable (this is the modern treatment of the relativity principle)" . 

But it is not so. This is not enough for the fulfilment of re- 
quirements of the principle of relativity. It is necessary to prove 
(and this is the most important) that the Lorentz transformations 
together with the spatial rotations form the group. But we are 
obliged for this solely to Poincare. Only after discovering the 
group it is possible to say that all physical equations stay untouch- 
able at any inertial reference system. Then all the corresponding 
physical characteristics transform exactly according to the group. 
Just this provides the fulfilment of requirements of the relativity 
principle. 

In connection with the quotation from Ginzburg (see this edi- 
tion, p. 11371) we will give some comments. Let us admit that the 
principle of relativity is treated as a statement of impossibility to 
register a uniform translational motion of a body relative to the 
ether. What follows from here? First, from here it follows directly 
that the physical equations are the same, both in the ether sys- 
tem of reference and in any other reference system, moving with 
constant velocity relative to the ether system. The invariableness 
of equations is provided by the Lorentz transformations. Second, 
as the Lorentz transformations form a group, it is impossible to 
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prefer one system of reference to another. The ether system of 
reference will be a member of this totality of equitable inertial 
systems. Therefore it will lose the meaning of the fixed system of 
reference. But this leads to the fact that the ether in the Lorentz 

sense disappears. 

Very often in order to stress that Poincare has not created the 

theory of relativity one cites his words: 

"The importance of this subject ought me to return 
to this again; the results obtained by me are in corre- 
spondence with those of Lorentz in all the most impor- 
tant points. I only tried to modify slightly and enlarge 
them.". 

One usually concludes from this that Poincare has exactly fol- 
lowed Lorentz views. But Lorentz, as he notes himself, has not es- 
tablished the relativity principle for electrodynamics. So, one con- 
cludes that also Poincare has not made this decisive step. But this 
is incorrect. Those authors who write so have not read Poincare 
articles [2, 3] carefully. Let us give some more explanations. 
H. Poincare writes in his article [2]: 

"The idea by Lorentz is that electromagnetic field 
equations are invariant under some transformations 
(which I will call by name of HA. Lorentz) of the fol- 
lowing form. . . ". 

Poincare writes: "the idea by Lorentz", but Lorentz never wrote 
so before Poincare. Here Poincare has formulated his own fun- 
damental idea, but ascribed it to Lorentz. He always appreciated 
and celebrated extremely high anybody who gave a stimulus to his 
thought, a joy of creation, probably as nobody else. He was ab- 
solutely deprived of personal priority sentiments. But descendants 
are obliged to restore truth and pay duty to the creator. 
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In the same article (see this edition, the footnote on p.BTT) Aca- 
demician V.L. Ginzburg writes: 

"One can suspect that Poincare has not estimated 
the Einstein contribution as a very substantial one, 
and maybe he even has believed that he "has made 
everything himself". But that's just the point that we 
are trying to guess about the Poincare feelings from 
his silence and not from some claims told by him. ". 

One may readily find out what Poincare has done in the theory of 
relativity: for a theoretical physicist it is enough to read his articles 
[2, 3]. Therefore it is not necessary "to guess" about the Poincare 
feelings in order to answer the question: what he really has done. 
Academician V. L. Ginzburg usually cites writings by W. Pauli of 
1921, but surprisingly does not cite writings by W. Pauli of 1955. 
Some people for some reason want to see only A. Einstein treated 
as the creator of special theory of relativity. But we should follow 
facts and only them. 

Now let us consider words by professor Pais written in the 
same book at p. 169. 

"Why did Poincare not mention Einstein in his Gottin- 
gen lectures? Why is there no paper by Poincare in 
which Einstein and relativity are linked? It is incon- 
ceivable that Poincare would have studied Einstein 's 
papers of 1905 without understanding them. It is im- 
possible that in 1909 (the year he spoke at Gottingen) 
he would never have heard of Einstein 's activities in 
this area. Shall I write of petulance or professional 
envy? . 

There is a unique answer to these questions. After reading the 
articles and books published by Poincare up to 1905 it is easy 
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to get convinced that there has been nothing new for Poincare in 
the Einstein article. Being based on his own previous works and 
on Lorentz investigations Poincare formulated all the main con- 
tent of the special theory of relativity, discovered the laws of rel- 
ativistic mechanics, extended Lorentz transformations to all the 
forces of nature. But all this he ascribed to the Great destructor 
H. A. Lorentz, because just his article of 1904 provided a stimu- 
lus for Poincare thought. This was his usual practice. It is strange 
that professor Pais addresses questions only to Poincare, and not to 
Einstein. How Einstein decided to submit his paper on electrody- 
namics of moving body if he knew papers by Lorentz of ten years 
ago only and papers by Poincare of five years ago only? What 
prevented Einstein from acquaintance with reviews published in 
the journal "Beiblatter Annalen der Physik", if he himself pre- 
pared many reviews for this journal? 21 reviews by Einstein were 
published there in 1905. 

The journal "Beiblatter Annalen der Physik" was printed in 
Leipzig in separate issues. 24 issues were published in a year. The 
review of the Lorentz article which appeared in the journal "Versl. 
K. Ak. van Wet." (1904. 12 (8). S. 986-1009) was published in 
4th issue of 1905. This review contained Lorentz transformations 
also. 

A review by Einstein on the article by M. Ponsot from the May 
issue of the French journal "Comptes Rendus" 1905. 140. S. 
1176-1179 was published in the 18th issue of 1905. The same is- 
sue (S. 1171-1173) contains article by P. Langevin "On impossi- 
bility to register the translational motion of Earth by physical 
experiments". In this article P. Langevin refers to the articles by 
Lorentz of 1904 and Larmor of 1900. 

Why Einstein never refers to articles [2, 3] by Poincare? By 
the way, he wrote a lot of articles on the theory of relativity during 
the next 50 years. What personal qualities explain this? How is it 
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possible not to refer to articles, if they are published earlier and if 
you exploit ideas and concepts from them? 

Academicians V. L. Ginzburg and Ya. B. Zel'dovich wrote in 
1967 (see "Zel'dovich — known and unknown (in the recollec- 
tions of his friends, colleagues, students). Moscow: "Nauka", 
1993, p. 88): 

"For example, despite how much a person would 
do himself, he could not pretend to have a priority, 
if later it will be clear that the same result has been 
obtained earlier by other persons ". 

This is a quite right view. We are to follow it. Ideas and results 
should be referred to that person who has discovered them first. 

How strange the fate happened to be, if one can say that, of the 
works by Henri Poincare, "On the dynamics of the electron", 
published in 1905-1906. These outstanding papers by H. Poincare 
have become a peculiar source from which ideas and methods 
were drawn and then published without references to the author. 
When references to these articles were done, they always had noth- 
ing to do with the essence. All those discovered and introduced by 
Poincare, in articles [2; 3] can be easily found in one or another 
form in articles by other authors published later. 

M.Planck wrote in article of 1906 "The relativity principle 
and the general equations of mechanics": 

"The relativity principle, suggested by Lorentz 
and in more general formulation by Einstein means. . . " 

But after all this is incorrect. The relativity principle was first for- 
mulated in general form by Poincare, in 1904. Then M. Planck 
derives equations of relativistic mechanics, but there are no refer- 
ences to the Poincare article [3], though the equations of relativis- 
tic mechanics have been derived in it earlier. If ever M. Planck has 
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not been informed on the Poincare work that time, he could refer 
to it later. But such a reference to article [3] did not appear also 
later. Articles by Poincare, [2; 3] did not appear also in the Ger- 
man collection devoted to the theory of relativity. How one could 
explain all this? 

B. Hoffmann (Proceedings of the 1979 Einstein Centennial Sym- 
posium: Some Strangeness in the Proportion. Addison-Wesley 
MA 1980. P. Ill): 

"I am wondering whether people would have dis- 
covered the special theory of relativity without Ein- 
stein. It is true that Poincare had all the mathemat- 
ics and somewhat more than Einstein had in his 1905 
paper, but in Poincare's work there was always the 
implication that there was a rest system - something 
at rest in the ether — and so you get the impression 
that Poincare and any followers would have said, yes, 
if something is moving relative to the ether, it is con- 
tracted. But, of course, people who believe this would 
think that our stationary rods were expanded, instead 
of contracted, and Poincare would have had one clock 
going slower, but the other going faster. This reci- 
procity was a very subtle point, and it is quite likely 
that people might never have realized that it was a 
reciprocal relationship ". 

All this is inaccurate or follows from misunderstanding of the 
SRT basics. First, the SRT has already been discovered by Poincare 
in articles [2; 3] according to the principle of relativity formulated 
by Poincare in 1904 for all physical phenomena. In accordance 
with the principle of relativity physical equations are the same in 
all inertial reference systems. All inertial reference systems are 
equitable, and so the existence of a rest system of reference is ex- 
cluded. From this it follows that the reversibility is realized here. 
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Second, Poincare discovered the Lorentz group and the existence 
of the inverse element follows from here, consequently, the re- 
versibility follows from existence of the group. Third, in the SRT 
constructed by Poincare really this fact — "the reversible nature of 
this connection is a very subtle point" — is a trivial consequence, 
so writing "that people would never recognize this" is an intention 
of the author to see the problem there where it is absent. Moreover, 
it is absurdly to ascribe his own misunderstanding to Poincare. 

It is surprising to read a quotation from A. Einstein given by 
G. Holton (Proceedings of the 1979 Einstein Centennial Sympo- 
sium: Some Strangeness in the Proportion. Addison-Wesley MA 
1980. P. Ill): 

"Einstein himself said that not Poincare or Lorentz 
but Langevin might have developed the special theory 
of relativity". 

If we trust G. Holton, then we see that A. Einstein without any 
doubt thought that it was exclusively he who discovered the spe- 
cial theory of relativity. Was it possible that he did not read the 
Poincare papers [2; 3] where all the main content of the special 
theory of relativity was given in the extremely definite and general 
form? Therefore it is rather strange even such an appearance of 
this statement from A. Einstein. But if we admit that A. Einstein 
really has not read Poincare articles [2; 3] during next fifty years, 
then this is also surprising. How this could be connected with the 
"punctilious honesty of Einstein" as a scientist which is expres- 
sively described by G. Holton? 

The suppression of Poincare articles [2; 3] continued all 
the twentieth century. The opinion was created that the spe- 
cial theory of relativity is created by A. Einstein alone. This 
is written in textbooks, including those used at school, in mono- 
graphs, in science popular books, in encyclopedia. German physi- 
cists as distinct from French physicists have made a lot of efforts in 
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order to arrange the situation when A. Einstein alone was consid- 
ered as the creator of the special theory of relativity, and this sci- 
entific achievement as a fruit of German science. But fortunately 
"manuscripts do not burn". Articles [2; 3] clearly demonstrate 
the fundamental contribution by Poincare to the discovering of the 
special theory of relativity. All the following done in this direction 
are applications and developments of his ideas and methods. 

In 1913, a collection of the works of Lorentz, Einstein and 
Minkowski in the special relativity theory was published in Ger- 
many. But the fundamental works by H. Poincare were not in- 
cluded in the collection. How this could be explained? 

In 1911 the French physicist Paul Langevin published two ar- 
ticles on the relativity theory: "Evolution of the concept of space 
and time"; "Time, space and causality in modern physics". 
But in these articles H. Poincare is not even mentioned, although 
they deal with the relativity principle, the Lorentz group, space 
and time, determined by the interval. In 1920 in the article by 
P. Langevin "The historical development of the relativity prin- 
ciple" H. Poincare is also not mentioned. How could P. Langevin 
do that? 

In 1935 a collection "The relativity principle", edited by pro- 
fessors V. K. Frederix and D. D. Ivanenko was published, which 
for the first time contained works in the relativity theory of Lorentz, 
Poincare, Einstein and Minkowski. However, the first work by 
H. Poincare, "On the dynamics of the electron" happened not to 
be included. And only in 1973, in the collection "The relativity 
principle" (with an introductory article by corresponding member 
of the USSR Academy of Sciences Professor D. I. Blokhintsev; the 
collection was compiled by Professor A. A. Tyapkin), the works of 
H. Poincare in relativity theory were presented most completely, 
which permitted many people to appreciate the decisive contribu- 
tion made by Poincare in the creation of special relativity theory. 
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Somewhat later, Academician V. A. Matveev and me decided to 
rewrite the formulae in the articles by H. Poincare "On the dy- 
namics of the electron" in modern notations, so as to facilitate 
studying these articles. 

In 1984, to the 130-th anniversary of H. Poincare his articles 
"On the dynamics of the electron" together with comments were 
published by the Publishing Department of the Joint Institute for 
Nuclear Research (Dubna), and later, in 1987 they were published 
by the Publishing Department of the M.V. Lomonosov Moscow 
State University. 

Henri Poincare is one of the most rare personalities in the his- 
tory of science. A greatest mathematician, specialist in mechan- 
ics, theoretical physicist; his fundamental works have left a most 
brilliant imprint in many fields of modern science. He, moreover, 
possessed the rare gift of profound vision of science as a whole. 
In the beginning of the past century (1902-1912) several books 
by Poincare were published: "Science and hypothesis"; "The 
value of science"; "Science and method"; "Recent thoughts". 
Some of them were nearly at once translated into Russian. These 
books are marvellous both in content and in the free, extreme- 
ly brilliant and illustrative manner of presentation. They have 
not become obsolete, and for everyone, who studies mathematics, 
physics, mechanics, philosophy, it would be extremely useful to 
become familiarized with them. It is quite regretful that for various 
reasons they were not republished for a long time. And only owing 
to the persistent efforts of Academician L. S.Pontryagin they have 
been republished and become available to present-day readers in 
Russia. 

We also would like to note that some interesting books devoted 
to various aspects and "non-orthodoxal" views of the history of the 
relativity theory were published recently in the West [12]. 
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10. The principle of stationary action in 
electrodynamics 

Many equations of theoretical physics are obtained from requiring 
the functional, termed action, to achieve an extremum. Earlier 
(Section 2), the principle of least action was applied in mechanics, 
resulting in the Lagrange equations. We must in the case of elec- 
trodynamics, also, compose action so as to have its variation with 
respect to the fields leading to the Maxwell-Lorentz equations. 

Action is constructed with the aid of scalars composed of func- 
tions of the field and current. We introduce tensor of the electro- 
magnetic field 

F ^-d^~^> (iai) 

which by construction satisfies the equation 

OF OF OF 

that is equivalent to the Maxwell-Lorentz equations (8.26). We 
need further the two simplest invariants only 

A V S\ F Xv F Xv . (10.3) 

Here S v is the four-vector of current (8.9). 
The sought action will have the form 

S = - I Ldtt, (10.4) 



c _ 

L is the density of the Lagrangian function, equal to 

L = --A V S V - —F Xa F Xa , dVL = dx°dx 1 dx 2 dx 3 . (10.5) 

C 16/T 
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In seeking for the field equations we shall only vary the field po- 
tentials in the action functional, considering the field sources S u 
as given. 
Then 



5S = — 



-S U 5A P + -^-F x °5F Xa 

C 07T 



dn = o. 



(10.6) 



Since the variations commute with differentiation, we obtain 

d 



Q x \ ^ a 



SA^\ = -2F aX J^5A„. (10.7) 



dx a 



dx x 



Substituting (10.7) into (10.6) we find 



C 4:71 OX A 



dVL = 0. (10.8) 



Integrating in the second term by parts and taking into account that 
the variations of potentials at the initial and final moments of time 
are zero, while the field vanishes at infinity, we obtain 



8S= — 



cr\ 



c Arc dx x 



5A n dtt = 0. 



(10.9) 



Hence, owing to the arbitrariness of 5A a , we find 



QpaX 

dx x 



47T 

— s a . 

c 



(10.10) 



Thus, our choice of density of the Lagrangian function (10.5) is 
justified, since we have obtained exactly the second pair of Maxwell- 
Lorentz equations 



- 47r^ 1 dE , . 

yoIH = —S + — , div£ = A7rp. 

c c at 



(10.11) 
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One must bear in mind, that the choice of density of the Lagrangian 
function in the action functional is not unambiguous, however, it is 
readily verified that adding to the density of the Lagrangian func- 
tion an additional term in the form of the four-dimensional diver- 
gence of a vector does not influence the form of the field equations. 
The Maxwell-Lorentz equations (10.2), (10.10) are invariant with 
respect to gauge transformations of the potentials, 

df 

A « = A a + -JL, (10.12) 

here / is an arbitrary function. 

The density of the Lagrangian (10.5) we have constructed is 
not invariant under transformations (10.12). On the basis of the 
conservation law of current S u (8.10), it only varies by a diver- 
gence, 

£ ' = £ -f^^- (iai3) 

which has not effect on the field equations. 

From the point of view of classical electrodynamics the poten- 
tial A u has no physical sense, since only the Lorentz force acts on 

— * — * 

the charge, and it is expressed via the field strength E, H. How- 
ever, in quantum mechanics this is no longer so. It turns out to be 
that the vector-potential does act on the electron in a certain situa- 
tion. This is the Aharonov-Bohm effect. It was observed in 1960. 
The experiment was carried out as follows: a long narrow solenoid 
was used, the magnetic field outside the solenoid was zero, nev- 
ertheless, the motion of electrons outside the solenoid was influ- 
enced. The effect is explained by the solenoid violating the simple 
connectedness of space-time, which gave rise to the influence of 
the potential A u , as it should be in quantum gauge theory. 

We shall now find the equations of motion for charged parti- 
cles in an electromagnetic field. To obtain them it is necessary to 
compose an action with a part related to the particles and, also, the 
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already known to us part containing the field interaction with par- 
ticles. Since for a particle having charge e the following equations 
are valid 



we have 



dx % 

p = eS(f- f ), f = e—5{r-r ), 



A v dx v . 



(10.14) 
(10.15) 



(10.16) 



S v A v dn = -- 
The action for a particle in an electromagnetic field is 

S = —mc J da J A u dx v . 

Varying over the particle coordinates, we obtain 

5S = - J (mdJ v dbx v + ^-A v d5x v + ^-5A u dx^ = 0. (10.17) 

Integrating by parts in the first two terms and setting the variations 
of coordinates to zero at the ends, we obtain 



SS 



in, dl '„d.v" - —dA v 5x u - —5A u dx v ^ 



c c 

With account of the obvious relations 

, . c) Ay j \ c a dAy ^ 
dAy = — — —dx , oA u = — — -ox , 

ox A ox A 

expression (10.18) assumes the form 



= 0. (10.18) 



(10.19) 



SS 



mc- 



dUy 
da 



e ( dA\ dA u \ uX 



c \ dx v dx x 



da5x u = 0, 

(10.20) 
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hence, due to arbitrariness of variation 8x v being arbitrary, we 
have 

3.dU v r TT \ 



mc 



or 



mc 



da 

,dU v 
da 



eF vX U\ 



= cF uX U x . 



In three-dimensional form (10.22) assumes the form 



d 



1 



mc 



dt 



v 



(10.21) 
(10.22) 

(10.23) 



d 
~dt 



\ 



mv 



1 - 



eE + -[v,H] 

c 



(10.24) 



: 2 / 



Let us calculate the energy loss for an electron moving with ac- 
celeration. In case of electron velocity small in comparison to the 
velocity of light the radiation energy loss is given by the following 
formula due to Larmor: 



dE 
"dt 



2f_ 

3c 3 



dv 
~dt 



(10.25) 



In the system of reference where the electron is at rest this formula 
takes the form 



dE 
"dt 



2e^ 
3c 3 



dv 
lit 



(10.26) 



where acceleration is calculated in the given system of reference. 

In the given system of reference the total momentum radiated 
is zero due to the symmetry of radiation: 



dp 1 
"dt 



0. 



(10.27) 
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In order to find the formula for radiation energy loss of a charge 
with high velocity it is necessary to apply the Lorentz group, ac- 
cording to which it is easy to make the transition from one system 
of reference to another. To do so we consider the acceleration 
four-vector, which is as follows according to (9.5) 



,dU" 



dU h 



da dr 

By means of this relation and also formulae (9.3) we get 



i ,'vdv 
" = 7 [ - C -dt 



2 dv J~f' 

7 



jdv 

~dt 



(10.28) 



(10.29) 



Using (10.29) we find invariant 





v dv 


{(f) 2 - 


c dt 



"I 2 



(10.30) 



In the rest system of reference we have 



7 



'{(f) 2 



v dv 
c ' dt 



1 2 

}"( 



dv\ 2 
~dt)o 



(10.31) 



Let us now write formulae (10.26) and (10.27) in the covariant 
form 

~~dr ~ 3c 1 \~dl 



U u . 



(10.32) 



Substituting now (10.31) into this relation we obtain 



dE 
~dt 



2_l c f dvy 



3c 3 



\dtJ 



dp 2e 2 _ 6 r /dv\ 2 
8t = 3^ V1 I \di) 



v dv 
c ' dt 

v dv 
c ' dt 



"I 2 



(10.33) 
(10.34) 
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Formula (10.33) has been derived first by Lienard in 1898. 

The equations of motion (10.22) in an external electromagnetic 
field do not account for the reaction of radiation. Therefore, these 
equations are valid only for the motion of a charged particle in 
weak fields. In 1938 Dirac took into account the reaction forces, 
and this led to the equation 

- dU " eF«V> 



mc 



da 



+ 



(10.35) 



+ 3 6 



d 2 U u 
la 2 



+ U V 



dU„ dU» 



da da 



called the Dirac-Lorentz equation. 

Let us apply these formulae to motion of an ultra-relativistic 
charge with mass m in a strong constant uniform magnetic field 
H. We admit that the circular charge motion is determined by the 
Lorentz force only. So we neglect by influence of the force of 
reaction on the motion. Let us write equations (10.35) in the form 
ofEqs. (9.12), (9.13): 



v,H 



R; 



(10.36) 



dE 
~dt 



R 



2e2 
" 3 7 

2e 2 c 
3 7 2 



d 2 U -* (dU v d\J v 



da 2 



da 1 



da da 

dU u dU u 
da da 



(10.37) 
(10.38) 



where E is the energy of the particle. 

As in our approximation the equations of motion are the fol- 
lowing 



mc 



dU 
da 



e 
c 



U, H 



, (u-h) 



o, 



(10.39) 
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it follows from here that 

""■l'f)'-(S)'-^ <10 ' 40) 

ff.g = (1 0.4„ 
da A \mc z / 

— * 

where U is the length of vector U. For ultra-relativistic particles 

U ~ (10.42) 

As £7 2 3> 1 we can neglect first term (10.41) in comparison to 
second one (10.40) in expression (10.38). In our approximation 
we can also neglect by the following term 



u '-{^) • <ia43) 

in second term (10.38) due to its smallness in comparison with 
(10.40). Expression (10.38) after taking into account (10.40) and 
(10.42) is as follows 

JE = 2 eW 

dt 3 m 4 c 7 v J 

With regard to the fact that for the motion of a charge over circle 
of radius R the following equation takes place 

H = 4 ; ao-45) 

eR 

we can rewrite formula (10.44) in the following form 



dU°\ 



2 
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If the energy of electrons and the value of the magnetic field are 
large enough, then energy losses for synchrotron radiation become 
rather substantial. Synchrotron radiation is widely used in biology 
and medicine, in production of integral schemes an so on. Special 
storage rings for generation of the intense X-rays are constructed 
(see more details in: Ya. P. Terletsky, Yu. P. Rybakov "Electrody- 
namics". Moscow: "Vysshaja Shkola", 1980 (in Russian)). 
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11. Inertial motion of a test body. Co variant 
differentiation 



In an arbitrary reference system the interval is known to have the 
form 

da 2 = 'y II u{x)dx^dx u , det(7^) = 7 < 0. (H-l) 

The pseudo-Euclidean metric 7^ is determined by expression (3.33). 
Precisely for this metric the Riemannian curvature tensor is zero. 
The action for a free moving point-like body of mass m has the 
form 

S = -mc J da. (11.2) 
Owing to the principle of stationary action, we have 

§S= -mc [ S(da) = 0, (11.3) 



8(da 2 ) = 2da5(da) = 5(-/^(x)dx»dx u ) 

= ^^5x x dx^dx u + 2 llxv dx ll 5(dx v ). 
ox 



(11.4) 



Since 



5(dx u ) =d(5x u ), (11.5) 
from expression (1 1.4) we find 

5(da) = \ ■ ^^U"dx u 5x x + -i^U»d(5x v ), (11.6) 

here 

17" = ^-. (11.7) 

da 
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Substituting (11.6) into (11.3) we obtain 

i d ll 



5S 



d{bx v 
da 



da = 0. 
(11.8) 



Since 



d{8x v ) 
da 



then, with account of the variations at the boundary of the region 
being zero, we find 



SS = —mc 



l_ dj^ _ dU» 

2 dx x 7M da 



(11.10) 



dx a 



JJ^JJC 



dabx 



0. 



We represent the last term in (1 1 . 10) as 



'-U»U a = — 
dx a 2 



1 ( d-y^x d^ aX 



+ 



dx a dx^ 

With account of (11.11), expression (11.10) assumes the form 



(11.11) 



L ( _|_ dlaX _ <h»2L \ 



dx 



dx^ dx x J 



U»U a + 



(11.12) 



dU" 



da 



da5x x = 0. 



Since the factors 5x x are arbitrary, we find 



7 m a 



^ + I(^ + ^-^)tW. = . (11.13) 
da 2 



dx a ^ dx^ dx x 
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Multiplying (11.13) by 7 , we obtain 



dU' 




(11.14) 



da 



here F v is the Christoffel symbol 



(11.15) 



We see that inertial motion of any test body, independently of its 
mass, proceeds along the geodesic line, determined by equation 
(11.14). It is absolutely evident that in arbitrary coordinates the 
geodesic lines could not be treated as direct lines, this is con- 
firmed by nonlinear dependence of spatial coordinates x l (i = 1,2, 
3) on time variable x°. Motion along a geodesic line (11.14) in 
Minkowski space is a free motion. Thus, forces of inertia cannot 
cause any deformation by themselves. Under their influence 
free motion takes place. The situation changes, when there are 
forces of reaction, which counteract the forces of inertia. In 
this case deformation is unavoidable. In weightlessness, in a 
satellite, deformation does not exist, because, owing to the gravi- 
tational field being homogeneous, in each element of the volume 
of a body compensation of the force of gravity by the forces of 
inertia takes place. The forces of gravity and the forces of inertia 
are volume forces. 

Physical forces are four-vectors in Minkowski space. But the 
forces of inertia are not, since they can be rendered equal to zero 
by transition to an inertial reference system in Minkowski space. 

Now we shall dwell upon the issue of covariant differentiation. 
In Cartesian coordinates x x ordinary differentiation, for example, 
of a vector A v results in a tensor quantity 



OA 



B 



V 



(11.16) 



dx x 



A 
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with respect to linear transformations. In arbitrary coordinates y x 
this property is not conserved, and, therefore, the quantity dA u / dy x 
will no longer be a tensor. 

It is necessary to introduce the co variant derivative, which will 
provide for differentiation of a tensor yielding a tensor, again. This 
will permit us to easily render covariant any physical equations. 
Covariance is not a physical, but a mathematical, requirement. 

Earlier (see 6.13) we saw that of two vectors A v , B v it is pos- 
sible to construct an invariant 

A v {x)B v {x). (11.17) 

We shall consider an invariant of a particular form 

A x (x)U\x), (11.18) 

where 

f/ A = ^, (11.19) 
da 

fulfils Eq. (11.14). 

Differentiating (11.18) with respect to da, we also obtain an 
invariant (a scalar) 

da da da 

Substituting expression (11.14) into the right-hand part, we find 

d > ■ - T \\ _ (9A X \ TTaTT x 



fo {AxU) = {d^~ F ^ 1 ^ * (1L20) 



Since (1 1.20) is an invariant, U x is a vector, hence it follows that 
the quantity 



dx a 
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is a covariant tensor of the second rank Ax- a 

DA X dA x 



A,. 



dx c 



r» a 



(11.21) 



Here and further the semicolon denotes covariant differentiation. 

Thus, we have defined the covariant derivative of the covariant 
vector A v . Now, we shall define the covariant derivative of the 
contravariant vector A v . To this end we write the same invariant 
as 



d_ 

da 



dA^ 
dx x 



da ox x 
Substituting expression (11.14) into the right-hand part, we ob- 



tain 



da 



(A u un 



(11.22) 



U U U 



dA» A ^l^v 

Taking into account definition (1 1.15) we find 

A»d xliiV - A» lm r: x = jA^d^ + d, luX - d ul , x ). (1 1.23) 

Substituting this expression into (11.22), and applying expression 
U a ^i au , instead of U v , we obtain 



9A a pa 

~dx^ + ^ xA 



U x U n 



(11.24) 



Since (11.24) is an invariant (a scalar), and U" is a vector, from 
(11.24) it follows that the first factor in the right-hand part is a 
tensor. 
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Hence it follows, that the co variant derivative of the con- 
travariant vector A u is 

DA a f)A a 

A *= &r=a^ + r ^"' (11 ' 25) 

Making use of formulae (11.21) and (11.25) one can also obtain 
covariant derivatives of a tensor of the second rank. 

dA 

A^ U] \ = -—^ r^A au — r^ u A^ a , (11.26) 



dA^ 

A% = ^r + n a A™ + r Xa A^, (1 1.27) 



dA v 

We see, that the rules established for (11.21) and (11.25) are ap- 
plied independently for each index of the tensor. Precisely in this 
way, one can obtain the covariant derivative of a tensor of any 
rank. 

With the aid of expression (11.26) it is easy to show that the 
covariant derivative of a metric tensor is zero, 

7^;p = 0. (H.29) 

Applying the technique of covariant differentiation, one can read- 
ily write the equations of relativistic mechanics and of electrody- 
namics in arbitrary coordinates of Minkowski space. 

Thus, substituting the covariant derivative for the ordinary one 
in (9.5) we find the equation of relativistic mechanics in arbitrary 
coordinates 

mc 2 ^- =mc 2 (^ + n x U»U x ) = F\ (11.30) 
da V da M / 
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here 

r u ,x = \l vp {d,lx P + d xl , p - d plflX ). (11.31) 

In a similar way, it is also possible to write the Maxwell-Lorentz 
equations in arbitrary coordinates. To this end, it is necessary to 
substitute covariant derivatives for ordinary derivatives in equa- 
tions (8.24) and (8.27), 

D a F pv + D^F va + D v F ail = 0, (11.32) 

D V F>»' = -— S». (11.33) 

c 

One can readily verify, that the following equalities hold valid: 

F pu = D p A u -D u A^ = d p A u -d u A p , (11.34) 



D a F„ v + + D v F aix = d a F pv + 9 M F W + d v F ait . (11.35) 

On the basis of (11.31) we find 



But, since the following equalities hold valid: 

1 



7 dx* 7 W>»> 2 
[here 7 = det(7 M „) < 0], we obtain 



27 dx^ 



d p In v^7 • 



(11.36) 



(11.37) 



(11.38) 
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Making use of (11.27), we find 

D U F» V = d v F» v + r» a F av + F v av F^. (1 1 .39) 

The second term in (11.39) equals zero, owing to the tensor F av 
being antisymmetric. On the basis of (11.38), expression (11.39) 
can be written as 

D V (^F^) = d u (V^F^). (11.40) 

Thus, equation (1 1.33) assumes the form 

' ' -.d^yf^F^) = -— (11.41) 



V ~ 7 c 

The equations of motion of charged particles can be obtained 
by substituting covariant derivatives for the ordinary derivatives in 
(10.22) 

mc 2 — = eF uX U X - (11.42) 
da 

Thus, we have established that transition in Minkowski space 
from Galilean coordinates in an inertial reference system to arbi- 
trary coordinates is a simple mathematical procedure, if covariant 
differentiation has been defined. 

The property of covariance of the equations has nothing to 
do with the relativity principle. This has long ago been clari- 
fied by V. A. Fock O. 

Therefore, no "general relativity principle", as a physical 
principle, exists. 



165 



12. Relativistic motion with constant acceleration. 
The clock paradox. Sagnac effect 

Relativistic motion with constant acceleration is a motion under 
the influence of a force /, that is constant in value and direction. 
According to (9.12) we have 



/ 



d 
~dt 



\ 



\ 



1 - 



./ 



m 



a. 



.2 / 



(12.1) 



Integrating equation (12.1) over time, we obtain 



at + v . 



1-4 



(12.2) 



Setting the constant v to zero, which corresponds to zero initial 
velocity, we find after squaring 



1 + 



aH 2 



1 - 



Taking into account this expression in (12.2), we obtain 



df 



Integrating this equation, we find 



at 



2+2 



1 + 



aH 



(12.3) 



(12.4) 



r = r 



ac 



aH 2 
1 + — ^- 1 



(12.5) 



166 



12. Relativistic motion with constant acceleration 



Since the interval ds is 



ds = cdty 1 



(12.6) 



the proper time dr for a moving test body is 



dr = 




(12.7) 



Taking account of (12.3), from equation (12.7) we find the total 
proper time r 



From this formula it follows that, as time t increases in an iner- 
tial reference system, the proper time for a moving body flows 
slowly, according to a logarithmic law. We considered the motion 
of a body with acceleration a with respect to an inertial reference 
system in Galilean coordinates. 

Now consider a reference system moving with constant acce- 
leration. Let the inertial and moving reference systems have co- 
ordinate axes oriented in the same way, and let one of them be 
moving with respect to the other along the x axis. Then, if one 
considers their origins to have coincided at t = 0, from expression 
(12.5) one obtains the law of motion of the origin of the reference 
system moving relativistically with constant acceleration, 




(12.8) 




(12.9) 



Therefore, the formula for coordinate transformation, when tran- 
sition is performed from the inertial reference system (X, T) to 
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the reference system (x, t) moving relativistically with constant 
acceleration, will have the form 



x = X — x = X — 



1 + 



a 2 T 2 



(12.10) 



The transformation of time can be set arbitrarily. Let it be the same 
in both reference systems 



t = T. 



(12.11) 



In the case of transformations (12.10) and (12.11) the interval da 
assumes the form 



c 2 dt 2 



da 2 = 



2a t dtdx 



1 + 



aH 2 



1 + 



aH 2 



- dx 2 - dY 2 - dZ 2 . (12.12) 



We shall now proceed to deal with the "clock paradox" . 

Consider two reference systems. If two observers, who are in 
these reference systems, compared their clocks at moment t — 0, 
and then departed from each other, and after some period of time 
they again met at one point in space, what time will their clocks 
show? The answer to this question is the solution of the so-called 
"clock paradox". However, two observers, who are in different 
inertial reference systems, after they have compared their clocks 
at one and the same point of space, will never be able to meet in 
the future at any other point of space, because to do so, at least, 
one of them would have to interrupt his inertial motion and for 
some time go over to a non-inertial reference system. In scientific 
literature, and in textbooks, as well, it is often written that the 
answer to this question cannot be given within the framework of 
special relativity theory. 
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This is, naturally, wrong, the issue is resolved precisely within 
the framework of special relativity theory. The point is that refe- 
rence systems moving with acceleration in pseudo-Euclidean ge- 
ometry, contrary to A. Einstein's point of view, have nothing to do 
with the gravitational field, and for this reason general relativity 
theory is not required for explaining the "clock paradox". 

Let us illustrate this statement by a concrete computation. Sup- 
pose we have two identical (ideal) clocks at one and the same point 
of an inertial reference system. Consider their readings to coincide 
at the initial moment T = 0. Let one of these clocks always be at 
rest at the initial point and, thus, be inertial. Under the influence of 
an applied force, at moment t — 0, the other clock starts to move 
relativistically with a constant acceleration a along the x axis, and 
continues moving thus till the moment of time t — Ti, shown by 
the clock at rest. Further, the influence of the force on the second 
clock ceases, and during the time interval 7\ < t < Ti + T 2 it 
moves with constant velocity. After that a decelerating force is 
applied to it, and under the influence of this force it starts mov- 
ing relativistically with constant acceleration —a and continues to 
move thus till the moment of time t = 2Ti + T 2 , as a result of 
which its velocity with respect to the first clock turns zero. Then, 
the entire cycle is reversed, and the second clock arrives at the 
same point, at which the first clock is. 

We shall calculate the difference in the readings of these clocks 
in the inertial reference system, in which the first clock is at rest. 
By virtue of the symmetry of the problem (four segments of mo- 
tion with constant acceleration and two segments of uniform recti- 
linear motion), the reading of the clock at rest, by the moment the 
two clocks meet, will be 



T = 4T X + 2T 2 . 



(12.13) 
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For the second clock 

T' = AT[ + 2T 2 '. (12.14) 

Here T[ is the time interval between the moment when the second 
clock started to accelerate and the moment when the acceleration 
ceased, measured by the moving clock. T 2 ' is the interval of the 
second clock's proper time between the first and second accelera- 
tions, during which second clock's motion is uniform and rectilin- 
ear. 

In an inertial reference system, the interval for a moving body 

is 

ds = cdt\jl-^-. (12.15) 

Therefore 

Ti 



V 2 (t) 

L — 

On the basis of (12.3) we obtain 



1 = j^-^dt. (12.16) 



cr 

o 



dt 

T i = / , ^ - (12-17) 



1 + 



o^_ 2 

c 2 



Hence we find 



The motion of the second clock during the interval of time 



Ti < t < Ti + T 2 
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due to Eq. (12.4) proceeds with the velocity 

aTi 



a 2 T 2 

c 2 

and, therefore, in accordance with (12.15) we obtain 

rpl _ T 2 
1 2 — 



(12.19) 



a 2 T 2 



1 + 



(12.20) 



Consequently, by the moment the two clocks meet the reading of 
the second clock will be 



a \ c V cr 



Subtracting (12.13) from (12.21), we find 



2To 



1 + 



a 2 T{ 



. (12.21) 



m, m 4c i aT i / a 2 T 2 
AT — T—T— — In — - + \ 1 + — i- 
a \ c V 



(12.22) 



-4Ti + 2T 2 



- 1 



1 + 



a 2 T 2 



It can be verified that for any a > 0, Ti > 0,T 2 > the quantity 
AT is negative. This means that at the moment the clocks meet 
the reading of the second clock will be less than the reading of the 
first clock. 

Now consider the same process in the reference system, where 
the second clock is always at rest. This reference system is not 
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inertial, since part of the time the second clock moves with a con- 
stant acceleration with respect to the inertial reference system re- 
lated to the first clock, while the remaining part of time its motion 
is uniform. At the first stage the second clock moves with constant 
acceleration, according to the law (12.9) 



x 



c 
a 



, a2t2 , 
1 + — =--1 



Therefore, at this segment of the journey, the interval in the non- 
inertial reference system, according to (12.12) has the form 



da 2 



c 2 dt 2 



2a t dxdt 



1 + 



a 2 t 2 



1 + 



a 2 t 2 



- dx 2 - dY 2 - dZ< 



(12.23) 



In this reference system the second clock is at rest at point x — 0, 
while the first clock moves along the geodesic line determined by 
Eqs. (11.14) 



dU" 
da 



+ r»M a U? = 0, u = 0,1,2,3. 



(12.24) 



Of these four equations only three are independent, since the fol- 
lowing relation is always valid: 



1 » V U»U V = 1, U" 

From expression (12.23) we find 

1 at 



dx v 
da 



7oo = 



2+2 ' 



1 + 



a z t 



7oi = 



2+2 



1 + 



an 



(12.25) 



7n = -1. (12.26) 



From Eq. (12.26) and the following equation 
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we find 

7 oo 



1, 7 01 = 



at 



2+2 



1 + 



aH 



7 



li 



a 2 t 2 ' 



By means of these formulae and also Eqs. (11.31) and (12.26) it is 
easy to see that there is only one nonzero Christoffel symbol 



r 1 

1 00 



1 



1 + 



We do not have to resolve equation (12.24), we shall only take 
advantage of relation (12.25) 



7 oo(^°) 2 + 27oi^ 1 -(f/ 1 r = l. 



(12.27) 



Taking into account (12.26), from equation (12.27) we find a par- 
tial solution 



at 



1 + 



aH 2 



U 



(12.28) 



which as easy to check satisfies also Eqs. (12.24). From (12.28) it 
follows 

dx 1 at 

—fr = 1 (12-29) 

at I a 2 t 2 



1 + 



Resolving this equation with the initial conditions x(0) = 0, 
x(Q) = 0, we obtain 



c 

x — — 
a 



1 



1 + 



aH 2 



(12.30) 
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Thus, we have everything necessary for determining the rea- 
dings of both clocks by the final moment of the first stage in their 
motion. The proper time dr of the first clock at this stage of mo- 
tion, by virtue of (12.29), coincides with the time dT of the inertial 
reference system 

ds 

dT, (12.31) 



dr — — 

c 



therefore, by the end of this stage of the journey the reading T\ of 
the first clock will be Ti 



71=71. 



(12.32) 



Since the second clock is at rest with respect to the non-inertial ref- 
erence system, its proper time can be determined from expression 



dr' = yfy^dt. 



(12.33) 



Since the first stage of the journey occupies the interval < t < 7\ 
of inertial time, then at the end of this segment the reading r[ of 
the second clock will be 



Ti 



7oo dt = — In 

a 



+ A/1 + 



(12.34) 



At the end of the first stage of the journey, upon reaching the ve- 
locity 

aTl (12.35) 



a 2 Tf 



1 + 



the action of the accelerating force ceases, this means that the re- 
ference system related to the second clock will be inertial. The 
interval in this reference system, in accordance with (12.23) will, 
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by the moment Ti, have the form 

da 2 = c 2 (l - ^ dt 2 - Ivdxdt - dx 2 - dY 2 - dZ 2 , (12.36) 
here 

v = , aTl . (12.37) 

Taking advantage, for the metric (12.36), of the identity 

dx u 
da ' 



dr v 

liiV U»U v = 1,U" = — , (12.38) 



we find 

dr 1 

IF - <1239) 

Taking into account (12.39) in (12.36), we obtain 

dr = — = dt, (12.40) 

c 

i. e. the time, shown by the first clock at this stage, coincides with 
the time T 2 

r 2 = T 2 . (12.41) 
Since the second clock is at rest, its reading of its proper time is 

dr' = y/^dt. (12.42) 

Hence follows 

Ti+t 2 



T2= J v^df=- r ===. ( 12 - 4 3) 



n Wi + 



T 2 
~~a 2 Tt 



c 2 
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Owing to the symmetry of the problem, the information ob- 
tained is sufficient for determining the readings of the clocks at 
the moment they meet. Indeed, the reading of the first clock r, 
determined in the reference system, related to the second clock, is 



r = 4n + 2r 2 , 
which on the basis of (12.32) and (12.41) gives 

r = 4Ti + 2T 2 . 



(12.44) 



(12.45) 



The reading of the second clock t', determined in the same refer- 
ence system, where the second clock is at rest, is 



which on the basis of (13.34) and (13.43) gives 



(12.46) 



4c 

r' = -ln 

a 



+ A/1 + 



+ 



2T 2 



o 2 Tf 



1 + 



(12.47) 



Subtracting from (12.47) expression (12.45), we obtain 

aTi 



4c 

At = t' — t = — In 



+ A/1 + 



(12.48) 



-4T\ + 2T 2 



a 2 Tl 



1 + 



Comparing (12.22) and (12.48) we see, that the computation per- 
formed in the inertial reference system, where the first clock is at 
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rest, yields the same result as the computation performed in the 
non-inertial reference system related to the second clock. 
Thus, 

At = AT < 0. (12.49) 

Hence it follows that no paradox exists, since the reference system 
related to the first clock is inertial, while the reference system, in 
which the second clock is at rest, is non-inertial. 

Precisely for this reason, the slowing down of the second clock, 
as compared to the first clock, is an absolute effect and does not 
depend on the choice of reference system, in which this effect is 
computed. 

The arguments concerning the relativity of motion, which were 
used previously, in this case cannot be applied, since the reference 
systems are not equitable. Qualitatively, the slowing down of the 
second clock, as compared to the first, can be explained as fol- 
lows. It is known, that in arbitrary coordinates the free motion 
of a test body proceeds along a geodesic line, i. e. the extremal 
line, which in pseudo-Euclidean space is the maximum distance 
between two points, if on the entire line, joining these points, the 
quantity da 2 is positive. In the case, when we choose an inertial 
reference system in Galilean coordinates, related to the first clock, 
this means that the first clock describes a geodesic line, while the 
second clock, owing to the influence of the force, moves along a 
line differing from the geodesic, and, therefore, slows down. The 
same happens, also, when the reference system is related to the 
second clock. In the case of transition to this reference system, 
the interval somewhat changes its form. In this case the first clock 
again describes a geodesic line in an altered metric, while the sec- 
ond clock is at rest, and, consequently, do not describe a geodesic 
line and, therefore, slow down. 

We have considered the influence of accelerated motion on the 
readings of clocks and have showed their slowing down. But this 
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effect concerns not only clocks, but all physical, or, to be more 
general, all natural phenomena. On this basis, interstellar flights 
become fantastically fascinating. Back in 1911, Paul Langevin 
discussed in an article ifLHl the voyage of a human being at high 
velocities, close to the velocity of light, subsequently returning to 
the Earth. In principle, this is possible, but it still remains only a 
fantasy. 

Let us now pay attention to the Sagnac effect (see more details 
in: UspekhiFiz. Nauk. 1988. Vol. 156, issue l,pp. 137-143. In 
collaboration with Yu. V. Chugreev). As is well known, the Sagnac 
effect in line with the Michelson experiment is one of the basic 
experiments of the theory of relativity. But till now it is possible 
to read incorrect explanations of this effect with the help of signals 
propagating faster than light or with the help of general relativity 
(see in more detail below). So we consider it as necessary to stress 
once more purely special relativistic nature of Sagnac effect. 

Let us at first describe the Sagnac experiment. There are mir- 
rors situated at the angles of a quadrangle on a disk. The an- 
gles of their reciprocal disposition are such that the beam from a 
monochromatic source after reflections over these mirrors passes 
a closed circle and returns to the source. With the help of a semi- 
transparent plate it is possible to divide the beam coming from 
a source into two beams moving in opposite directions over this 
closed circle. 

Sagnac has discovered that if the disk is subjected to rotation, 
then the beam with the direction of its round coinciding with the 
direction of rotation will come back to the source later than the 
beam with opposite round, resulting in a shift of the interference 
picture on the photographic plate. After interchanging the direc- 
tion of rotation the interference bands shift in opposite direction. 

What explanation was given to this effect? Sagnac himself 
has obtained a theoretical value for the magnitude of the effect 
by purely classical addition of the light velocity with the linear 
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velocity of rotation for the beam moving oppositely to rotation and 
corresponding subtraction for the beam moving in the direction of 
rotation. The discrepancy of this result with the experiment was 
of percent order. 

This explanation of the experimental results remained later 
more or less invariable or even became obscure. As a typical ex- 
ample we present a related quotation from "Optics" by A. Sommer- 
feld: 

"The negative result of Michelson's experiment 
has, of course, no bearing on the problem of the prop- 
agation of light in rotating media. To discuss this 
problem one must use not the special but rather the 
general theory of relativity with its additional terms 
which correspond to the mechanical centrifugal cen- 
trifugal forces. However, in view of the fact that in 
the following experiments (by Sagnac and others. — 
A.L.) only velocities t)<c occur and only first order 
effects in v/c are important, relativity theory can be 
dispensed with entirely and the computations can be 
carried out classically ". 

We will see below that the explanation of the Sagnac effect 
lies in full competence of the special theory of relativity and nei- 
ther general theory of relativity nor super-luminal velocities are 
not required as well as any other additional postulates. We will 
consider in detail how to calculate the time difference between ar- 
rivals of the two beams to the source in the inertial rest system of 
reference. We will also do that in the rotating with the disk non- 
inertial reference system. The results of calculations will coincide 
as should be expected. For simplicity of calculations we will con- 
sider the motion of light in a light guide over circular trajectory 
which corresponds to the case of infinite number of mirrors in the 
Sagnac experiment. 
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We begin with the case of inertial system of reference. Let us 
express the interval in cylindrical coordinates: 

ds 2 = c 2 dt 2 - dr 2 - r 2 d(j) 2 - dz 2 . (12.50) 

Let as it has been told before light beams move in plane z = 
over circle of radius r = r = const. The interval is exactly equal 
to zero for light, so we obtain the following 

%W=±.E.. (12.51) 
dt r 

The beam moving in the direction of rotation is marked by index 
"+", and the beam moving in opposite direction is marked by "— ". 

With account for the initial conditions + (O) = 0, 0_(O) = 2n 
we find the law of angle <f)± dependence of the two beams on time 

t: 



Mt) = -t, 



(j)Jt) = 2tt - —t. 

r 



(12.52) 



The beams will meet at time t±, when <j>+(ti) = (f)-(ti). Substitut- 
ing (12.52) we obtain 

0+(t 1 )=0_(t 1 ) = 7T. 

Then taking time t\ as the initial time and repeating our argu- 
mentation we will find that the next meeting of beams will take 
place just at that spatial point where they have been emitted, i. e. 
at point with coordinates = O,r = r o , z = 0. 

We emphasize that this result does not depend on the angular 
velocity of rotation of the system of reference which is the rest 
system for the source and mirrors. 
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The law of dependence of the angular coordinate of the source 
by definition is as follows (for initial condition S (O) = 0): 

<p s {t) = cut. (12.53) 

Therefore, the meeting of the source with "+"-beam will take 
place at time moment t + determined by condition <f> 8 (t + ) = 
- 2tt, i.e. 

t+ = , (12.54) 

(c/r ) - u 

and with "—"-beam — at time moment i_ determined by condition 

<f> s (t-) = 

t = , i 2 * ■ (12.55) 

(c/r ) +u 

It may seem from the form of Eqs. (12.54), (12.55) that the ve- 
locity of light is here anisotropic and is different from c. But this 
is incorrect. The light velocity is the same for both beams and it 
is equal to c, and the different time of return to the source is ex- 
plained by the fact that the source has moved over some distance 
during the time of beams propagation ("+"-beam has travelled over 
larger distance). 

Let us now find the interval of proper time between arrivals of 
the two beams for an observer sitting on the source. By definition 
it is equal to 

s(t+) t+ 

A = - / ds = - [ ^dt, (12.56) 
c J c J at 

s(t-) t- 

where s is the interval. As a value of interval after using (12.53) 
we get 



ds 2 = c 2 dt 2 - rldtf = c 2 dt 2 1 



t\uj 2 
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where uo 2 rl/c 2 < 1. 

Substituting this into Eq. (12.56) we will find exact value of 
the Sagnac effect 6 : 



2, ,2\ 1/2 



TnUJ 



c 2 J' (t+ *- )_ c 2 [l-(r 2 o;Vc 2 )]V2- (12 - 57) 

Let us note that in deriving Eq. (12.57) we used only absolute 
concepts of events of beams meeting (with each other and with 
the source), and not the concept of the light velocity relative to the 
rotating reference system. 

Let us consider now the same physical process of propagation 
of beams over circle towards each other in rotating with angular 
velocity uo non-inertial system of reference. In order to find out the 
form of interval in this system we will make a coordinate transfor- 
mation: 



(12.58) 



In new coordinates t new , r new , (p new , z new we obtain (after lowing 
index "new" for simplicity) interval in the following form 

(uj 2 r 2 \ luor 2 
1 — J c 2 dt 2 d(f)cdt - 

(12.59) 

-dr 2 - r 2 d(f) 2 - dz 2 . 



4*new 


= <Pold 


tnew 


= t ld, 


Tnew 


= r M, 


%new 


= Zold- 



6 1 



In calculation for the realistic Sagnac effect, when the light beam trajectory 
is a polygonal line, it is necessary to take into account the centrifuge deforma- 
tion due to centrifugal forces. 
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Let us note that time t in this expression is the coordinate time for 
the rotating system of reference. 

After accounting for initial conditions + (O) = 0, 0_(O) = 2ir 
we get: 



the first meeting of beams will happen at time t±, when <f>+(ti) = 
i.e. when angular variable will be equal to <pi = 
7r[l — (wr /c)]. After analogous reasoning we conclude that the 
second meeting of beams will happen "at angle" 



i.e. at angular distance 2nr u / c from the source. The dependence 
of source angular coordinate is trivial S = const = 0. 

The moment of coordinate time t+ corresponding to meeting 
of "+"-beam with the source could be found, as before, from rela- 
tion (f> a (t+) = = <f>+(t+) - 2vr: 




(12.60) 





(12.61) 



t+ = 



27rr 



(12.62) 



C — UOTq 



and similarly we find moment i_: 



t- = 



2vrr 



(12.63) 



c + cur 



The proper time interval between two events of coming the 
beams into the point where the source is disposed can be calculated 
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with the help of definition (12.56) and interval (12.59): 

. 1 'jds 1 / ^rlV 1 * 

47rcjro 

i. e. we come to the same expression (12.57). 

Therefore we demonstrated that for explanation of the Sagnac 
effect one does not need neither modify the special theory of rel- 
ativity, nor use super-luminal velocities, nor apply to the general 
theory of relativity. On only has to strictly follow the special the- 
ory of relativity. 
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13. Concerning the limiting velocity 



The interval for pseudo-Euclidean geometry, in arbitrary coordina- 
tes, has, in accordance with (3.32) and (3.33) the following general 
form: 

do 2 = -f^(x)dx^dx v , 7 = det( 7/li ,) < 0. (13.1) 
The metric tensor 7^ equals 

^)=E^"|5' 6" = (W, -W). (13-2) 

Here f are four arbitrary continuous functions with continuous 
derivatives, that relate Galilean coordinates with the arbitrary x x . 

Depending on the sign of da 2 , events can be identified as time- 
like 

da 2 > 0, (13.3) 

space-like 

da 2 < 0, (13.4) 

and isotropic 

da 2 = 0. (13.5) 

Such a division of intervals is absolute, it does not depend on the 
choice of reference system. 

For a time-like interval da 2 > there always exists an inertial 
reference system, in which it is only determined by time 

da 2 = c 2 dT 2 . 

For a space-like interval da 2 < there can always be found an 
inertial reference system, in which it is determined by the distance 
between infinitesimally close points 

da 2 = -dl 2 , df = dx 2 + dy 2 + dz 2 . 

These assertions are also valid in the case of a finite interval a. 
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Any two events, related to a given body, are described by a 
time-like interval. An isotropic interval corresponds to a field 
without rest mass. Let us see, what conclusions result from an 
isotropic interval 



-i^dx^dx" = -f 00 (dx ) 2 + 2-foidx^dx 1 + -f ik dx l dx k = 0. (13.6) 



We single out in (14.6) the time-like part 



/Tm dt + 



loidx 1 



<V7oo 



The quantity 



dr = y/^oodt + 



-lik + 



loidx 1 



lOilOk 

7oo 



dx l dx k = 0. (13.7) 



<V7oo 



1_ ^ joxdx^ 



Hoo 



(13.8) 



is to be considered as physical time, which, as we shall see below, 
is independent of the choice of time variable. In the general case 
(non-inertial reference systems) the quantity dr is not a total dif- 
ferential, since the following conditions will not be satisfied: 



7oi 



(13.9) 



d 

dx k 



7o» 



_d_ 

dx l 



7ofc 



The second term in (13.7) is nothing, but the square distance be- 
tween two infinitesimally close points of three-dimensional space, 
which is independent of the choice of coordinates in this space: 

df = Xik dx i dx k , (13.10) 

here the metric tensor of three-dimensional space, Xik, is 

. 70l70fc n. -. -, s 

Xik = -lik^ • (13.11) 

7oo 



186 



13. Concerning the limiting velocity 



With account of (13.8) and (13.10), from expression (13.7) we find 

d£ 

— = c. (13.12) 

The quantities d£ and dr are of local character. In this case the 
concept of simultaneity loses sense for events at different sites, 
because it is impossible to synchronize clocks with the aid of a 
light signal, since it depends on the synchronization path. From 
(13.12) it follows, that the field at each point of Minkowski space, 
in accordance with the local characteristics of dl and dr, have a 
velocity equal to the electrodynamic constant c. This is the limi- 
ting velocity, that is not achievable for particles with rest mass, 
since for them 

da 2 > 0. 

This inequality is the causality condition. The causality principle 
is not contained in the Maxwell-Lorentz equations. It is imposed 
as a natural complementary condition. In 1909 H. Minkowski for- 
mulated it as the principal axiom as follows: 

"A substance, found at any world point, given the 
appropriate definition of space and time (i. e. given 
the corresponding choice of reference system in Min- 
kowski space. — A.L.) can be considered to be at rest. 
The axiom expresses the idea, that at each world point 
the expression 

c 2 dt 2 - dx 2 - dy 2 - dz 2 

is always positive or, in other words, that any velocity 
v is always less than c ". 

H. Poincare has demonstrated the deep physical meaning of the 
limiting velocity in his article [1] published in 1904 even before 
his fundamental works [2; 3]. He wrote: 
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<^Ifall these results would be confirmed there will 
arise an absolutely new mechanics. It will be charac- 
terized mainly by the fact that neither velocity could 
exceed the velocity of light, 1 as the temperature could 
not drop below the absolute zero. Also no any ob- 
servable velocity could exceed the light velocity for 
any observer performing a translational motion but 
not suspecting about it. There would be a contradic- 
tion here if we will not remember that this observer 
uses another clock than the observer at rest. Really 
he uses the clock showing "the local time"^>. 

Just these thoughts by H. Poincare and his principle of relativ- 
ity were reported by him in a talk given at The Congress of Art and 
Science in Sent-Louis (in September of 1904) and they found their 
realization in articles [2; 3]. They underlie the work by A. Einstein 
of 1905. 

Signal from one object to another can only be transferred by 
means of a material substance; from the aforementioned it is clear, 
that c is the maximum velocity for transferring interaction or 
information. Since particles, corresponding to the electromag- 
netic field, — photons — are usually considered to be massless, 
the quantity c is identified with the velocity of light. The existence 
of a maximum velocity is a direct consequence of the pseudo- 
Euclidean geometry of space-time. 

If we choose the function f u in (13.2) by a special way as 
follows 

f°(x x ), f(x k ), (13-13) 

then, owing such transformation, we do not leave the inertial refe- 
rence system. 

1 Because bodies would oppose to the forces trying to accelerate their motion 
by means of the increasing inertia, and this inertia would become infinite in 
approaching the velocity of light. 
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13. Concerning the limiting velocity 



In this case the metric tensor 7^, in accordance with (13.2) 
and (13.13), assumes the form 

fdf°\ 2 df° df° 

700 = Up) ' 704 = ^'^' (13 - 14) 



7 * fe dx l dx k Q x 'i Q x k 

e=i 

Substituting the values for the metric coefficients 700, 7oi from 
(13.14) into (13.8) we obtain, with account for (3.30) and (13.13), 



c 



We see, that proper time, in this case, is a total differential, since 
our reference system is inertial. Substituting (13.14) and (13.15) 
into (13.11), we obtain 

x* = 2^M'd*- (13 - 17) 

n=l 

Hence, with account for (3.30) and (13.13), we find 

3 3 

d£ 2 = Xikdx'dx* = Y,( d f n ) 2 = £(<** n ) 2 - ( 13 - 18) 



n=l n=l 



In an inertial reference system, ambiguity exists in the coor- 
dinate description of Minkowski space, depending on the choice 
of functions (13.13). This is the reason for arbitrariness in adopt- 
ing an agreement concerning simultaneity at different points of 
space. All such agreements are conventional. However, this ambi- 
guity and, consequently, the arbitrariness in reaching an agreement 
do not influence the physical quantities. Eqs. (13.16) and (13.18) 
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show that in an inertial reference system the physical quantities of 
time (13.8) and distance (13.10) do not depend on the choice of 
agreement concerning simultaneity. Let me clarify. In formulae 
(13.16) and (13.18), given any choice of functions (13.13), there 
only arise Galilean coordinates X°,X n of Minkowski space, 
that correspond to the invariant (3.22). This is precisely what 
removes, in the physical quantities of time (13.8) and distance 
(13.10), arbitrariness in the choice of a conventional agreement 
concerning simultaneity. Moreover, no physical quantities can, in 
principle, depend on the choice of this agreement on simultaneity. 
And if someone has written, or writes, the opposite, this only testi- 
fies to that person's incomprehension of the essence of relativity 
theory. One must distinguish between coordinate quantities and 
physical quantities. For details concerning this issue see ref. [6]. 

Let us demonstrate a particular special example of the simul- 
taneity convention. Let the synchronization of clocks in different 
spatial points is provided by the light signal having velocity ci in 
the direction parallel to the positive semi-axis X, and having ve- 
locity c 2 in the direction of the negative semi-axis X. Then the 
signal sent from point A at the moment of time tA will arrive to 
point B at time ts which is given as follows 

t B = t A + (M) 

Cl 

The reflected signal will arrive at point A at time t' A 

Xab 



t'i — tB + 



C 2 



After substituting into this expression value ts, determined by for- 
mula (M) we get 

t' A — tA = Xab ( 1 

Cl c 2 
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13. Concerning the limiting velocity 



From here it follows 

Xab = — \~~{t' A — tji). 
Cl + c 2 

Applying this expression to Eq. (M) we find 

tB = tA-\ it' A ~ Ia)- 

Cl + C 2 

So we come to the synchronization proposed by Reichenbach (see 
his book: "The philosophy of space & time". Dover Publica- 
tions, Inc. New York. 1958, p. 127): 

t B =t A + e(t' A -t A ), < e < 1. 

The conditional convention on the synchronization of clocks 
and therefore on simultaneity at different spatial points accepted 
by us corresponds to the choice of interval in inertial reference 
system in the following form: 

da 2 = (dx ) 2 - c{ -° 2 ~ Cl) dx G dx- 

(K) 

/J„.\2 /J„\2 



C\C 2 



Here we deal with coordinate time t = x°/c and other coordinate 
values. 

Metric coefficients of interval (K) are as follows: 

c(c 2 - Ci) 

7oo = 1, 7oi = , 

2cic 2 (L) 

7ll = , 722 = -1, 733 = "I- 

ClC 2 
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With the help of Eqs. (13.14), (13.15), and also (L), we obtain 
transformation functions (13.13) for our case: 



fO V-0 _ „0 X C ( C 2 -Cl) 



2 Cic 2 

J 2 Cl c 2 ' 

f 2 = Y = y, f = Z = z. 

Deriving from the above the inverse transformation functions, cal- 
culating with them differentials dx°, dx and then substituting them 
into (K), we find 

da 2 = (dX ) 2 - (dXf - (dY) 2 - (dZf. (H) 

Therefore, the physical time dr in our example is given as fol- 
lows: 

dx c 2 - ci 

dr = dt • , 

2 cic 2 

dX° = cdr, 

and it does not depend on the choice of functions (13.13), because 
it is completely determined by interval (H) only. Any change in 
coordinate values like (13.13) leads only to changing of the con- 
nection between the physical time and coordinate values. 

To any conditional convention on the simultaneity there will 
correspond a definite choice of the coordinate system in an inertial 
system of reference of the Minkowski space. Therefore a con- 
ditional convention on the simultaneity is nothing more than a 
definite choice of the coordinate system in an inertial system of 
reference of the Minkowski space. 

An important contribution into understanding of some funda- 
mental questions of the theory of relativity related to the definition 
of simultaneity in different spatial points was provided by Profes- 
sor A. A. Tyapkin (Uspekhi Fiz. Nauk. 1972. Vol. 106, issue 4.) 



192 



13. Concerning the limiting velocity 



Now let us return to the analysis of physical time dr. Quantity 
dr characterizes physical time, which is independent on the choice 
of coordinate time. Indeed, let us introduce new variable x'°, such 
that 

x'° = x'°(x°, x% x' 1 = x'\x k ). (13.19) 
Then due to tensorial character of 7^ transformation 

, dx a dx 13 

we will obtain for our case 

(Ox® \ ^ Ox® dx^ 

9^) > Voa = 7^-^I (13-20) 



similarly 



a ix 

dx' x = ^—dx a . (13.21) 

dx u 



Exploiting the Kronecker delta symbol 

dx 13 dx' x 
dx' x dx a 

we get 



6%, (13.22) 



cdr = ^£ = (13.23) 



'Too V7oo 

We can see that physical time dr does not depend on the choice 
of the coordinate system in an inertial system of reference of the 
Minkowski space. 

Physical time determines the flow of time in a physical process, 
however, the quantity dr exhibits local character in a non-inertial 
reference system, since it is not a total differential and therefore 
no variable r exists. 
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In this case, there exists no unique physical time with lines 
orthogonal to three-dimensional space. In a non-inertial refer- 
ence system the interval da is expressed via the physical quantities 
dr, di as follows: 

da 2 = c 2 dr 2 - di 2 . 

There exist no variables r, i in this case. Here coordinate quan- 
tities arise which permit to describe any effects in space and time 
in non-inertial system of reference. 

In an inertial reference system dr coincides, in Galilean coor- 
dinates, with the differential dt, so in Minkowski space one can 
introduce unique time t. It will be physical. Introduction of si- 
multaneity for all the points of three-dimensional space is a conse- 
quence of the pseudo-Euclidean geometry of the four-dimensional 
space of events. 

One can only speak of the velocity of light being constant, the 
same in all directions, and identical with the electrodynamic con- 
stant c in an inertial reference system in Galilean coordinates. 
In an inertial reference system, in any other admissible coordi- 
nates, the velocity of light will be the same, if time is defined in 
accordance with formula (13.8) and distance by formula (13.10). 
In a non-inertial reference system the electrodynamic constant c 
is only expressed via the local quantities dr, di. There exist no 
variables r, i in this case. 

It is often written that the principle of constancy of the veloc- 
ity of light underlies special relativity theory. This is wrong. No 
principle of constancy of the velocity of light exists as a first 
physical principle, because this principle is a simple consequence 
of the Poincare relativity principle for all the nature phenomena. It 
is enough to apply it to the emission of a spherical electromagnetic 
wave to get convinced that the velocity of light at any inertial refer- 
ence system is equal to electrodynamic constant c. Therefore, this 
proposition, having only secondary role, as we already noted (see 
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13. Concerning the limiting velocity 



Sections 3 and 9), does not underlie relativity theory. Precisely in 
the same way, the synchronization of clocks at different points of 
space, also, has a limited sense, since it is possible only in inertial 
reference systems. One cannot perform transition to accelerated 
reference systems on the basis of the principle of the constancy 

of the velocity of light, because the concept of simultaneity loses 
sense, since the synchronization of clocks at different points in 
space depends on the synchronization path. The need to describe 
effects by means of coordinate quantities arises. 
We, now, define the coordinate velocity of light 

V * = ^L = V £\ (13.24) 
at 

here t is a unit vector satisfying the condition 

Xlk tt k = 1. (13.25) 

With account for formulae (13.8), (13.10) and (13.25) expression 
(13.12) assumes the following form 

c. (13.26) 



/Too + 



c V^oo 

Hence one finds the coordinate velocity 

VToo 



7o* I* 
VToo 



(13.27) 



In the general case, the coordinate velocity varies, both in value 
and in direction. It can take any value satisfying the condition 



< v < oo. 



(13.28) 
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In Galilean coordinates of an inertial reference system coordinate 
velocity coincides with physical velocity. 

In an arbitrary non-inertial reference system, for describing 
physical processes it is possible to introduce unique coordinate 
time throughout space in many ways. In this case, the synchro- 
nization of clocks at different points in space must be performed 
with the aid of coordinate velocity. In non-inertial systems it is 
necessary to use coordinate quantities in order to describe phys- 
ical processes because in this case physical quantities are deter- 
mined only locally. 
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14. Thomas precession 



Consider a particle with its own angular momentum (spin) S u . In 
a reference system, where the particle is at rest, its four-vector 
of angular momentum (spin) has the components (0, J). In any 
arbitrary inertial reference system we have the relation 

S"U v = 0. (14.1) 

— # 

When a force / without torque acts on the particle, the following 
relation should be valid 

= ZU", (14.2) 

GST 

here U u is the four-vector of velocity; r is proper time, 

dr = dt— . (14.3) 

7 

If the velocity U l is not zero, then the quantity Z can be deter- 
mined from the relation 

d dl" rlTT 

^{S V U U ) = ^-U v + = 0. (14.4) 

dr dr dr 

Substituting (14.2) into (14.4), we obtain 

* = -(V^), 04.5) 

the covariant vector has the components 

S, = (S°,-S\-S 2 ,-S 3 ). (14.6) 

With account for Eq. (14.5) the equation of motion for the spin 
vector (14.2) assumes the form 
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Our further goal will be to try to provide the details of these 
equations making use of the Lorentz transformations. Consider a 
particle of spin J moving with a velocity v in a laboratory inertial 
reference system. In this case, the inertial laboratory reference 
system will move with respect to the inertial reference system, in 
which the particle is at rest, with a velocity —v. Applying the 
Lorentz transformations (4.18) and (4.19) and taking the sign of 
the velocity into account, we obtain 

S° = 7 —, S = J+ l^v(vf). (14.8) 
c ir 

dXJv 

The four-vectors U^, — — have the following components: 

dr 

U> = L n l),^L = (*L,Z.^ + l.*L). (,4.9) 
\ c J dr \dr c dr c dr J 

Applying (14.6), (14.8) and (14.9), we obtain 

[ q dU»\ (vJ) d 1 

(14.10) 

(l dv v d-/\ f T 7-1 -A 

Computations in the right-hand part of expression (14.10) will 
only leave terms obtained by multiplication of the first term in 
brackets and the two terms in the second pair of brackets, while all 
other terms mutually cancel out 
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14. Thomas precession 



Making use of (14.8) and (14.11), we write equation (14.7) sepa- 
rately for the zeroth component of the four-vector of spin S v and 
for its vector part, 

s{^}-'{('S +3 ^('9}' (Mj * 



•y 2 ^(f^dv\ 7 - 1 ,_=*. ( ^dv 
From equations (14.12) and (14.13) we find 



(14.13) 



!{/ + ^ ( *j)}_!£{ 7(a? )} = 0. (14,4, 



From equation (14.12) we find 



Now we write the first term of equation (14.14) in expanded form 



df 7 4 ( -dv\ 



(14.16) 



c 2 (l + 7)rfr l' v y J c 2 (l + 7) v y rfr 
In computation we took into account the equalities 

7 — 1 7 2 g?7 7 3 /^(iv 



,2 



c 2 (l + 7) ' dr c 2 \ dr 



v— . (14.17) 
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The second term in (14.16) can be transformed, taking advantage 
of (14.15), to the form 



c 4 (l + 7 ) 



;C(C.J) { V^- 



(14.18) 



c 2 (l + 7 ) 



7 [J Tr 



Applying (14.18) we see, that the second term together with the 
third term in (14. 16) can be reduced to the form 



v[jf r \. 



(14.19) 



With account of (14.16) and (14.19) equation (14.14) is reduced 
to the following form: 



dJ 
— + 



dv ,_ ^ _ ( fdv 



dr c 2 (l + 7) \dr 
Using the formula 

a[b,c] —b(ac) — c(ab 
and choosing the vectors 

a — J, b — — , c — v, 
dr 

equation (14.20) is reduced to the form 

dr 

here 



7-1 



v, 



dv 
dr 



0. (14.20) 
(14.21) 
(14.22) 

(14.23) 
(14.24) 
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14. Thomas precession 



m ^z = f-^m- ( 14 - 25 ) 



When the particle moves along a curvilinear trajectory, the 

— * — *■ 

spin vector J undergoes precession around the direction Q 

— * 

with angular velocity |f2|. This effect was first discovered by 
Thomas O- 

The equation of relativistic mechanics (9.12) can be written in 
the form 

dv j v 
dr c 2 

With account of this equation, expression (14.24) assumes the 
form 

d = -l^l[v,f]. (14.26) 

Thus, a force without torque, by virtue of the pseudo-Euclidean 
structure of space-time, gives rise to the precession of spin, if its 
action results in curvilinear motion in the given inertial reference 
system. In the case, when the force is directed, in a certain ref- 
erence system, along the velocity of the particle, no precession of 
the spin occurs. But parallelism of the vectors of force / and of ve- 
locity v is violated, when transition is performed from one inertial 
reference system to another. Therefore, the effect of precession, 
equal to zero for an observer in one inertial reference system, will 
differ from zero for an observer in some other inertial reference 
system. 
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15. The equations of motion and conservation 
laws in classical field theory 

Earlier we saw that, with the aid of the Lagrangian approach, it is 
possible to construct all the Maxwell-Lorentz equations. This ap- 
proach possesses an explicit general covariant character. It permits 
to obtain field equations of motion and conservation laws in a gen- 
eral form without explicit concretization of the Lagrangian density 
function. In this approach each physical field is described by a 
one- or multi-component function of coordinates and time, called 
the field function (or field variable). As field variables, quantities 
are chosen that transform with respect to one of the linear repre- 
sentations of the Lorentz group, for example, scalar, spinor, vector, 
or even tensor. Apart the field variables, an important role is at- 
tributed, also, to the metric tensor of space-time, which determines 
the geometry for the physical field, as well as the choice of one or 
another coordinate system, in which the description of physical 
processes is performed. The choice of coordinate system is, at 
the same time, a choice of reference system. Naturally, not ev- 
ery choice of coordinate system alters the reference system. Any 
transformations in a given reference system of the form 

(15.1) 

always leave us in this reference system. Any other choice of co- 
ordinate system will necessarily lead to a change in reference sys- 
tem. The choice of coordinate system is made from the class of 
admissible coordinates, 



7oo > 0, -f ik dx i dx k < 0, det = 7 < 0. 



(15.2) 
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15. The equations of motion and conservation laws 



The starting-point of the Lagrangian formalism is construction of 
the action function. Usually, the expression determining the action 
function is written as follows 



where integration is performed over a certain arbitrary four-dimen- 
sional region of space-time. Since the action must be invariant, the 
Lagrangian density function is the density of a scalar of weight 
+ 1. The density of a scalar of weight +1 is the product of a scalar 
function and the quantity ^—7. The choice of Lagrangian density 
is performed in accordance with a number of requirements. One 
of them is that the lagrangian density must be real. 

Thus, the Lagrangian density may be constructed with the aid 
of the fields studied, (p, the metric tensor 7^, and partial deriva- 
tives with respect to the coordinates, 



For simplicity we shall assume, that the system we are dealing 
with consists of a real vector field. We shall consider the field La- 
grangian not to contain derivatives of orders higher, than the first. 
This restriction results in all our field equations being equations of 
the second order, 



Note, that, if the Lagrangian has been constructed, the theory 
is defined. We find the field equations from the least action prin- 
ciple. 



S = - [ L(x°,x 1 ,x 2 ,x 3 )dx°dx 1 dx 2 dx 3 , (15.3) 



L = L(ip A , d^ip A , 7^, dxi^u). 



(15.4) 



L = L{A v ,dxA v , llw ,dxi,J). 



(15.5) 




(15.6) 
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The variation 5L is 

5L = 

5L = 



dL . . dL . . 

5A x + o/o A s S(d„A x ), or 



dA x 
SL 



d{d v A x ) 



5A X + d v 



dL 



d{d v A } 



-5Ay 



Here we have denoted Euler's variational derivative by 



SL dL 



-d v 



dL 



d{d v A x ) 



SA X dA x 

In obtaining expression (15.8) we took into account, that 

8(d v A x )=d v (8A x ). 



(15.7) 
(15.8) 

(15.9) 

(15.10) 



Substituting (15.8) into (15.6) and applying the Gauss theorem we 
obtain 



63=1. 

c 



dVtd x 



n 



jL) S A x + ]- lds„ 



dL 



d(d u A x ) 



5A> 



Since the field variation at the boundary E is zero, we have 



5S=-J dttd A x 
n 



5L 
6A X 



5 A, = 0. 



(15.11) 



Owing to the variations 8A V being arbitrary, we obtain, with the 
aid of the main lemma of variational calculus, the equation for the 
field 



5L 



dL 



5A X dA, 



-d„ 



dL 



0. 



(15.12) 



AduA x ), 

We see, that if the Lagrangian has been found, then the 
theory has been defined. Besides field equations, the Lagrangian 
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method provides the possibility, also, to obtain differential conser- 
vation laws: strong and weak. A strong conservation law is a 
differential relation, that holds valid by virtue of the invariance of 
action under the transformation of coordinates. Weak conservation 
laws are obtained from strong laws, if the field equation (15.12) is 
taken into account in them. 

It must be especially stressed that, in the general case, strong 
differential conservation laws do not establish the conservation of 
anything, neither local, nor global. For our case the action has the 
form 



Now, we shall perform infinitesimal transformation of the coordi- 
nates, 



here 5x u is an infinitesimal four- vector. 

Since action is a scalar, then in this transformation it remains 
unaltered, and, consequently, 




d 4 xL(A x , d v A\, 7^, <9 A 7^). 



(15.13) 



x' v = x v + 6x", 



(15.14) 



S C S=- 




(15.15) 



where 



L'(x') = L'[A\,dlA' x (x'),^ v (x'),dW^')) 



The first term in (15.15) can be written as 




(15.16) 
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where the Jacobian of the transformation 



d(x'°, x' 1 , x' 2 , x' 3 ) 
d(x°, x 1 , x 2 , x 3 ) 



dx'- 



dx } 



(15.17) 



In the case of transformation (15.14) the Jacobian has the form 

J=l + d x 5x x . (15.18) 
Expanding L'(x') into a Taylor series, we have 

dL 



L'(x') = L\x) + 5x } 



dx x 



(15.19) 



Taking (15.16), (15.18) and (15.19) into account, we rewrite vari- 
ation (15.15) as 



\ J d'x ^5 L L(x) + ^- x {5x'L(x)) 



S C S = — I <Fx 



0; (15.20) 



here we have denoted 

5 L L{x) = L\x)-L{x). 

This variation is usually called the Lie variation. It commutes with 
partial differentiation 

hd v = d v 8 L . (15.21) 
The Lie variation of the Lagrangian density function is 

r r, X _ , dL 

6 L L(x) = ttt-o l A x + . s 0lO v A x + 
dA x d(d v A\) 



(15.22) 



dL . dL . n 
+ - QLlp.v + t0lO\7,u,- 



#7, 
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The following identity 



d 



5 L L(x) + -^(5x x L(x)) =0, 



(15.23) 



is a consequence of Eq. (15.20) due to arbitrariness of volume f2. 
It was obtained by D. Hilbert in 1915. 

Upon performing elementary transformations, we obtain 



5 C S = 



4/ 



(15.24) 



d A x 



n 



oA x 6^ 



= 0, 



here 



5L 



dL 



d„ 



dL 



9L r „ 9L r 



(15.25) 



Since J" is the density of a vector of weight +1, then, in accor- 
dance with (11.25) and (11.28), we find 



o u r = D v r, 



(15.26) 



where D v is a covariant derivative in pseudo-Euclidean space- 
time. It must be pointed out, that the variations 5 L A X , SlI^u origi- 
nate from the coordinate transformation (15.14), so they can, there- 
fore, be expressed via the components 5x x . 

Let us find the Lie variation of field variables, that is due to 
coordinate transformation. According to the transformation law 
of the vector A\ 

f)r u 
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we have 

d8x v 

A' x (x + 5x) = A x (x) - M^-q^t- (15-27) 
Expanding the quantity A' x (x + 5x) in a Taylor series, we find 

A' x (x + Sx) = A' x (x) + -q+8x". (15.28) 

Substituting (15.28) into (15.27) we obtain 

f)A^ r)&T v 

5 L A x (x) = -5x^ - Mxf-^, (15.29) 

or, in covariant form 

5 L A x (x) = -5x u D u A x - A u D x 5x u . (15.30) 

Now let us find the Lie variation of the metric tensor 7^ from 
the transformation law 

^ {x) = dx^-dx^^ x) 

we obtain 

%ui x + Sx) = 7^ - 'j^d u 5x a - 'j ua d^Sx a , (15.31) 
hence we find 

&l1hv = -l^d u 5x a - -f ua d^5x a - 5x a d^^. (15.32) 
Taking into account the equality 

dal^ = l^ x va + 7 , A r^, (15.33) 
we write expression (15.32) through covariant derivatives, 

hl^u = -i^DJx" - -f va D^x a . (15.34) 
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Substituting expressions (15.30) and (15.34) into action (15.24), 
we obtain 



hi 



(fx 



-5x x -^D x A, y - JLa v D x 5x v - 



SAy 



(15.35) 



5L 



-(^ a DJx a + ^D^x")- + D V J V 



We introduce the following notation: 



rpfjLV 



SL 



(15.36) 



As we will further see, this quantity, first introduced by Hilbert, 
is the tensor density of the field energy-momentum. 

Integrating by parts in expression (15.35) we obtain 



5r.S 



hi 



d A xl -5x } 



n 
5L 

Ja v 



5L 



5A V 

A x ) +D U (T^ A ) 



D,A 



+ 



(15.37) 



SL 



0. 



Substituting into expression (15.25) for the density of vector J" 
the values of variations S L A x (x), S L / y flu (x), in accordance with 
formulae (15.30) and (15.34), and grouping the terms at Sx v and 
D x 5x u , we obtain 



r - -^A x 5x x = -t»5x° - afD x 8x^ 



(15.38) 
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here we denote 



Tl ~ ~ LK + d(d u A x ) 



dL 5L 

D a A x + —A a . (15.39) 



This quantity is usually called the density of the canonical energy - 
momentum tensor, while the quantity 

dL dL 



M = 2 - 



d(d v A> 



-A, 



(15.40) 



d(d^ aX ) 

is called the spin tensor density. 

If function L depends only on 7^, A^, d u A^, then quantity 
according to Eq. (15.40) may be written as follows 

< = GdM A »- (15 - 40a) 

On the basis of (15.38) we represent the covariant divergence 
in (15.37) as 

5L 



da r 



5A, 



-A x Sx x + T^Sx" 



-5x a 



d v t: - dx 



x 



- rl - D,a x 



+ D u {5x x ) x 



ofD v D x bx». 



(15.41) 



Taking advantage of this expression, the variation of action (15.37) 
can be written in the form 



J d A x 




n 





SL 

Ja u 



D X A U - 



5L 

Ja„ 



A x \ +D uT n +D u (5x x ) x 



(15.42) 



x (T x - rl - D,aZ) - rfD v D x 5x 



0. 
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Since the integration volume is arbitrary, it hence follows that 
the integrand function is zero. 



-5x x [ ^-D X A V - D U (^A X ) f D v t v x J 



5A V "\8A U 



+ (Tx ~ r u x ~ iVf) D v 6x x - <r?D v D x 6x* = 0. 



(15.43) 



This expression turns to zero for arbitrary 5x x independently of 
the choice of coordinate system. Precisely this permits to readily 
establish that the tensor a^ x is antisymmetric with respect to v, A. 
Due to antisymmetry of quantity a vX in upper indices u, A we get 
from Eq. (15.40) the following 

dL dL , 

+ ^ =o. 



d(d u A x ) d(d x A u ) 

It follows from the above that function L depends on derivatives 
in this case as follows 

L{F vX ), 

F uX = D U A X - D X A U . 

This result was obtained by D.Hilbert in 1915. Of course, this 
does not exclude an explicit dependence of L on variable A v . 

By virtue of the tensor transformation law, if it becomes zero 
in one coordinate system, then it is equal to zero in any other co- 
ordinate system. Hence the identities follow: 

D,* + I^DA - D, (^) = 0. (15.44) 
n ~rl- = 0, of = -of. (15.45) 
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As to the last term in (15.43), it should become zero owing to 
the quantities o vX being antisymmetric with respect to the upper 
indices. From the antisymmetry of the spin tensor follows 

D v Tl = D v rl. (15.46) 

Identities (15.44) and (15.45) are called strong conservation laws, 
they are obeyed by virtue of action being invariant under coordi- 
nate transformations. Applying relation (15.46), expression (15.44) 
can be written in the form 

(15.47) 

F Xu = D X A U - D U A X . 
If we take into account the field equations (15.12), we will obtain 
D V T V X = 0, Tl - rl = D^, (15.48) 
here the quantity equals 

The existence of a weak conservation law of the symmetric energy- 
momentum tensor provides for conservation of the field angular 
momentum tensor. By defining the angular momentum tensor in 
Galilean coordinates of an inertial reference system 

m ^a = x u T n\ _ x n T v^ (15.50) 
it is easy, with the aid of (15.48), to establish that 

dxM^ = 0. (15.51) 
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The weak conservation laws we have obtained for the energy- 
momentum tensor and for the angular momentum tensor do not 
yet testify in favour of the conservation of energy-momentum or 
angular momentum for a closed system. 

The existence of integral conservation laws for a closed sys- 
tem is due to the properties of space-time, namely, to the exis- 
tence of the group of space-time motions. The existence of the 
Poincare group (the Lorentz group together with the group 
of translations) for pseudo-Euclidean space provides for the 
existence of the conservation laws of energy, momentum and 
angular momentum for a closed system [6]. The group of space- 
time motion provides form-invariance of the metric tensor 7^ of 
Minkowski space. 

Let us consider this in more detail. The density of substance 
energy-momentum tensor according to Eq. (15.36) is the following 

A T 

T „u = _ 2 — ? (15 52) 

5L dL ( PL \ 

This tensor density satisfies Eq. (15.48) 

DJT^ = 0, (15.53) 
that may be written as follows 

d u r; + ^r av d^ v = 0. (15.54) 

In general case Eq. (15.53) could not be written as an equality of 
an ordinary divergence to zero, and so it does not demonstrate any 
conservation law. But an expression of the form 



D V A\ 



(15.55) 
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where A v is an arbitrary vector, is easy to convert into a divergence 
form even in the Riemannian space. 
From Eq. (1 1.25) one has 

D\A X = d x A x + r x x A». (15.56) 

By means of Eq. (11.38) one obtains 

D X {^A X ) = d x (^A x ). (15.57) 

Let us exploit this below. Multiply the energy-momentum density 
onto vector r\ v 

T^r] u . (15.58) 
According to Eq. (15.57) we obtain 

D,(T^ Vu ) = d,(T^ Vv ). (15.59) 

Quantity (15.58) already is a vector density in our case. There- 
fore we should not substitute y/— 7 into Eq. (15.59). We rewrite 
Eq. (15.59) in the following form 

^T^Dw + D uVlx ) = d^T^). (15.60) 

After integration of Eq. (15.60) over volume containing the sub- 
stance we get 

i J dVT^iD^ + D^) = ^J (T»° Vu )dV. (15.61) 
v v 
If vector r] v fulfils the Killing equation 

D^ u + Drfu = 0, (15.62) 

then we have integral of motion 

J T u0 i] u dV = const. (15.63) 

v 
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We have already derived Eq. (15.34): 

hl^u = -(DJ Xfl + DpSxy). (15.64) 

From Eqs. (15.62) it follows that if they are fulfilled, then the met- 
ric is form-invariant 

hl^u = 0. (15.65) 

In case of pseudo-Euclidean (Minkowski space) geometry 
Eqs. (15.62) may be written in a Galilean (Cartesian) coordinate 
system: 

+ = 0. (15.66) 
This equation has the following general solution 

Vu = a v + uj ua x a , lo vc = -u av , (15.67) 

containing ten arbitrary parameters a v , oo^. This means that there 
are ten independent Killing vectors, and so there are ten integrals 
of motion. Taking 

rj u = a v (15.68) 

and substituting this to Eq. (15.63), one finds four integrals of mo- 
tion: 

P» = A J T u0 dV = const. (15.69) 

v 

Here P° is the system energy, and P % is the momentum of the 
system. Taking Killing vector in the following form 

77, = u v<T x° (15.70) 

and substituting it in the initial expression (15.63), one gets the 
following expression for the angular momentum tensor: 

P au = -i J (T u0 x a - T a0 x u )dV. (15.71) 
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Quantities P l ° are center of mass integrals of motion, and P lk are 
angular momentum integrals of motion. 

In correspondence with Eq. (15.50) we introduce the following 
quantity 

P avX = — J (T uX x a - T° x x")dV, (15.72) 

where 

M auX = T v\ x c _ T a\ x v (15.73) 

is tensor density, satisfying the following condition 

d\M avX = 0. (15.74) 

Therefore, we have been convinced, by deriving Eqs. (15.69) and 
(15.71), that all these ten integrals of motion arise on the base of 
pseudo-Euclidean geometry of space-time. Namely this geome- 
try possesses ten independent Killing vectors. There may be also 
ten Killing vectors in a Riemannian space, but only in case of a 
constant curvature space [6] . 

Note that conservation laws are automatically satisfied for an 
arbitrary scalar (Lagrangian) density of the form L(ip\, d a ipn) in 
Minkowski space, that provides for the field energy being posi- 
tive, if we only consider second-order field equations. I especially 
recall this here, since from discussions with certain Academicians 
working in theoretical physics, I have seen, that this is unknown 
even to them. 

Now let us find, as an example, the symmetric tensor of the 
electromagnetic field energy-momentum. According to (10.5) the 
Lagrangian density for this field is 

L f = —^-^F aP F^. (15.75) 
167T 

We write it in terms of the variables F^ v and the metric coefficients 
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According to (1 1.37) we have 

<9y/=7 1_ 

2 

With the aid of (15.77) we obtain 

d*L 1 



(15.77) 



32tt 



a/3 



(15.78) 



* indicates that differentiation is performed with respect to 7^, 
present in expression (15.76). 
Similarly 



d*L 



(15.79) 



x 



$7 



flV 



(77 



0\ 



Since 



di aa 1 

->— = -(5 a X + 5*5°), 



then using the antisymmetry properties of the tensor F a/ 3 = —Fp a , 
we obtain 

L -^-V^F^F^. (15.80) 



c^*" 8tt 

In obtaining (15.78) and (15.80) we considered quantities 7^, 7 Acr 
as independent. 

Since no derivatives of the metric tensor are present in the den- 
sity of the electromagnetic field Lagrangian, the density of the 
symmetric energy-momentum tensor will be 



rp/iv 2 



dL 



-2 



/IV 



d*L d*L di al3 
dlp,v dT p fry. 



I IV 



(15.81) 
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From the relation 
we find 



#7 



a/3 



7 l(iv = o u , 



Substituting this expression into (15.81), we obtain 



rpfjLV 2 



dL 



.97 



-2 



fj,i/ 



d*L d*L 



ad 



(15.82) 
(15.83) 

(15.84) 



Using expressions (15.78) and (15.80) we find the density of the 
energy-momentum tensor of the electromagnetic field 



rpfjLV 



"7 



4.7T 



(15.85) 



Hence it is readily verified, that the trace of the electromagnetic 
field energy-momentum tensor turns to zero, i. e. 

T = lilv T^ = 0. 

We shall now construct the energy-momentum tensor of sub- 
stance. The density of the conserved mass or charge is 



// = V^fioU , d v {y^HoU v ) = 0, 



(15.86) 



due to Eq. (11.41), where /i is the density in the rest reference 
system. The four-dimensional velocity U u is defined by the ex- 
pression 



U v = 



h v 



dx v 



Hence, it is clear that 

U»U x luX = 1. 



c. 



(15.87) 
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Take the variation of expression (15.86) with respect to the 
metric tensor. The quantity /j, is independent of the metric tensor, 
therefore, 



8n = U°5(^fi ) + V^fi 5U° = 0, 



here 



5U° = 



v a v^8 r y, 



af3 



From expression (15.88) and (15.89) we find 



(15.88) 
(15.89) 



(15.90) 

Since the density of the Lagrangian of substance has the form 



L = 



-7 Ak)C 



(15.91) 



the density of the energy-momentum tensor of substance can be 
determined as 

t „v = _ 2 _ _ (\5.92) 



#7, 



On the basis of (15.90) we obtain 

= ^c 2 U^U v . 



(15.93) 



Taking into account Eq. (15.86) we obtain in Cartesian coordinate 
system: 



d v iT = W 



dU» dx v 



Hoc 



,dU" 



dx v ds ds 
Let us rewrite Eq. (10.22) for mass and charge densities: 

dU» 



Hoc 



ds 



pof» x u x = r. 



(15.94) 



(15.95) 
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After comparing Eqs. (15.94) and (15.95) we have 



fu = d a t 



(15.96) 



From Eqs. (8.54) and (15.96) we can see that the law of energy- 
momentum tensor conservation for electromagnetic field and sources 
of charge taken together takes place: 



As we noted above, addition to the Lagrangian density of a 
covariant divergence does not alter the field equations. It is also 
possible to show [61, that it does not alter the density of the Hilbert 
energy-momentum tensor, as well. On the contrary, the density of 
the canonical tensor (15.49) does change. But at the same time the 
divergence of the spin tensor density changes with it, also. The 
sum of the canonical tensor density and of the divergence of the 
spin density remains intact. 



a (i? + C) = o. 



(15.97) 



220 



16. Lobachevsky velocity space 

Let us remind that the relativistic law of composition of velocities 
(see Eq. (9.26)) has the following form: 



Note that this expression is a direct consequence of the existence 
of the following invariant 



This invariant has been demonstrated first in the H. Poincare 
article [3] (see § 9, Eq. (5)), where the system of units is taken so 
that velocity of light is equal to 1 . 

It follows just from here that in pseudo-Euclidean space-time 
the velocity space follows the Lobachevsky geometry. 

For the further presentation it will be more convenient to intro- 
duce the following notation: 




(16.1) 



7„7„(1 - uv) = inv. 
Here lu = (1 - u 2 )~ 1/2 , lv = (1 - ^)~ 1/2 



V' = V a , V = V h , 11 = 1!, 



ci 



(16.2) 



cosh a 



1 



sinh a 



v, 



a 



tanha = — . 

c 





(16.3) 



Substituting (16.2) and (16.3) into (16.1) we obtain 



cosh a = cosh b ■ cosh c — sinh b ■ sinh c • cos A, 



(16.4) 
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A is the angle between the velocities v b and v c . This is actually 
nothing, but the law of cosines for a triangle in Lobachevsky 's 
geometry. It expresses the length of a side of a triangle in terms 
of the lengths of the two other sides and the angle between them. 
Finding, hence, cos A and, then, sin A etc., one thus establishes 
the law of sines of the Lobachevsky geometry 

sin A sini? sinC (16 5) 

sinha sinhfe sinhc 
Below, following Lobachevsky, we shall obtain the law of co- 
sines for a triangle in the form 

cos A = — cos B cos C + sin B sin C cosh a. (16.6) 

We write (10.4) in the form 

i t i a cosh a 
tanh o tanh c cos A = 1 — — . (16.7) 

cosh b cosh c 

From the law of sines (16.5) we have 

1 sin A tanhc ^ 



cosh c sin C sinh a 
Substituting this expression into (16.7) we find 

17 i , sin tanhc 

tanh o tanhc cos A = 1 — • — — — . (16.9) 

sin C cosh b tanh a 



Hence we find tanh c 



tanh a sin C 



tanhc = j . (16.10) 

cos A sin C tanh a tanh b H — sin A 

cosho 

With the aid of the law of cosines, Lobachevsky further established 
the identity 

1 



'1 — tanh b tanhc cos A) (1 — tanh a tanh b cos C) 



cosh 2 b 
(16.11) 
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Applying (16.10), we find 

1 . . 
— hh SmA 

l-tanho tanh c cos A = cosno _ 

cos A sin C tanh a tanh b H — sin A 

cosno 
(16.12) 

Substitution of this expression into identity (16.11) yields 

1 sin A — sin A cos C tanh a tanh b 



cosh 6 C os A sin C tanh a tanh 6 H —sin A 

cosho 



With account for 



1 



cosh 2 b 

Eq. (16.13) assumes the form 



tanh a cosh 6 

In a similar manner one obtains the relation 



tanh b cosh a 

From the law of sines we have 

1 sin A tanh 6 



cosh b sin B sinh a 
Substituting this expression into (16.15), we obtain 



(16.13) 



tanh^o, (16.14) 



tanh 6 . sinC 

cosC = cotA — — . (16.15) 



tanh a sinC 

cosC=coti3 — - — . (16.16) 



(16.17) 



tanh a cos A sin C 

1 -^±b COsC= coshasinB - ^ 

Applying expressions (16.16) in (16.18), we find 

cos A = — cos B cos C + sin B sin C cosh a. (16.19) 
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In a similar manner one obtains the relations: 

cos B = — cos A cos C + sin A sin C cosh h 



(16.20) 

cos C = — cos A cos B + sin A sin B cosh c . 

Thus, the space of velocities in pseudo-Euclidean geometry 
is the Lobachevsky space. 

7T 

For a rectangular triangle C = —, according to (16.4) we have 

cosh c = cosh a cosh b. (16.21) 

From the theorems of sines, (16.5), and of cosines, (16.4) we ob- 
tain 

sinha . tanhfr 

smA= — — , cos A = — . (16.22) 

smh c tanh c 

In line with the obvious equality 

sin 2 A + cos 2 A = 1 (16.23) 

one can, making use of expressions (16.22) and (16.21), obtain the 
relation 

sin 2 A cosh 2 b + cos 2 A k- = 1. (16.24) 

cosh a 

Consider, as an example [ 16 1, the phenomenon of light aber- 
ration, i. e. the change in direction of a beam of light, when tran- 
sition occurs from one inertial reference system to another. So, 
in two reference systems, moving with respect to each other, the 
directions toward one and the same source C will differ. Let 9 
and 0' be the angles at which the light from the source at point 
C is seen from two inertial reference systems A and B, moving 
with respect to each other with a velocity v. In the Lobachevsky 
velocity space we shall construct the triangle ACD (see Fig. 1), 
with angle C equal to zero, since light has the limit velocity. 
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Now, we join points A and B by a line, and we drop a perpen- 
dicular to this line from point C. It will intersect the line at point 
D. We denote the distance from point A to point D by x and the 
distance from point D to B by y. 




A x D y B 
Fig. 1 

Applying for given triangle ACD the law of cosines (16.20), 
we obtain 

i l-i cosa 
coshx = , smnx = , (16.25) 



ana 



sin a 



hence 



tanhrr = cos a = cos(7r — 6') = — cos 9', 



similarly 



t&nhy = cos 9. 



(16.26) 
(16.27) 
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In accordance with formula (16.3), tanh(a; + y) is the velocity 
of one reference system with respect to the other in units of the 
velocity of light 

v .. , tanhx + tanhy cos 9 — cos 9' 

tann(x + y) 



c 1 + tanh x tanh y 1 — cos#-cos6*' 

(16.28) 

Hence follow the known formulae for aberration 

a v 
cos 9 

cos9' = v (16.29) 

1 cos 9 

c 



sing' = ^/l - ^ ■ S[ f (16.30) 
v c ^1 cos 6>J 

Applying formulae (16.29) and (16.30) we obtain 



(cos 9 — cos 9 -\- \l 1 — sin 2 9 

cos(0-0') = - — y " - . (16.31) 

1 cos 9 

c 

Let us determine the square distance between infinitesimally 
close points in the Lobachevsky space. From (16.1) we find 

IT' 2 = ; , (16.32) 

v' is the relative velocity. 

Setting u = v + dv and substituting into (16.32) we find 

(d£ v ) = c (g2 _ y2 y • (16-33) 
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Passing to spherical coordinates in velocity space 

v x — v sin 9 cos (ft, v y — v sin 9 sin (ft, v z — v cos 9, (16.34) 
we obtain 

c\dvf 



(d£ v ) 2 = c 2 



+ 



(c 2 — v 2 ) 2 (c 2 — V 2 ) 



-(d9 2 + sin 2 9d(ft 2 



. (16.35) 



Hence it is evident that the ratio between the length of the cir- 
cle and the radius is 



£ 
v 



2ir 



(16.36) 



1-^ 



and is always greater than 2n. 

We now introduce the new variable 



cv 



(16.37) 



cr — v z 



the range of which extends from zero to infinity. In the new vari- 
ables we have 



di 



dr 2 



r 2 

1 + - 

c 2 



+ r 2 (d9 2 + sin 2 9d(ft 2 ); 



(16.38) 



if we introduce the variable 

r = c sinh Z, 

we obtain 

di\ = c 2 dZ 2 + c 2 sinh 2 Z{d9 2 + sin 2 9d<ft 2 ). 



(16.39) 



(16.40) 
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Usually the space metric in cosmology is written this form, when 
dealing with the open Universe. 

Further we shall dwell, in a descriptive manner, on certain the- 
orems of Lobachevsky 's geometry, following the book by N. V. Efi- 
mov ("Higher geometry" M.: Nauka, 1978 (in Russian)) and the 
lectures of N. A. Chernikov delivered at the Novosibirsk State Uni- 
versity and published as a preprint in 1965. 

In the Lobachevsky geometry, through point A, not lying on 
the straight line a, there pass an infinite number of straight lines, 
that do not intersect line a, but not all these straight lines are con- 
sidered to be parallel to line a. Let a be a straight line in the plane, 
and let A be a point outside it (see Fig. 2), b and c are bound- 
ary straight lines that do not intersect straight line a. Any straight 
line passing through point A inside angle (3 will also not intersect 
straight line a, while any straight line passing through point A in- 
side the angle containing point B will necessarily intersect straight 
line a. The straight line b is called the right boundary straight 
line, and c the left boundary straight line. It turns out to be that 
this property is conserved for any point lying on straight line b. 
Precisely such a boundary straight line b is parallel to a in the 
right-hand direction, and c in the left-hand direction. Thus, two 



b 


a — _____ 

a 


c 

X 


B 





Fig. 2 

straight lines parallel to a can be drawn through any one point: 
one going to the right and the other to the left. In the Lobachevsky 
geometry, the reciprocity theorem is proven: if one of two straight 
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lines is parallel to the other in a certain direction, then the sec- 
ond straight line is parallel to the first in the same direction. In a 
similar manner, it is established, that two straight lines parallel to 
a third in a certain direction are parallel to each other, also, in the 
same direction. Two straight lines, perpendicular to a third straight 
line, diverge. Two divergent straight lines always have one com- 
mon perpendicular, to both sides of which they diverge indefinitely 
from each another. 

Parallel straight lines, indefinitely receding from each other in 
one direction, asymptotically approach each other in the other. The 
angle ex. is called the parallelism angle at point A with respect to 
straight line a. 

From the law of cosines (16.6) we find 

1 = sin a cosh x. 

In obtaining this expression we took into account that straight line 
b asymptotically approaches straight line a, so, therefore, the an- 
gle between straight lines a and b is zero. Hence we obtain Loba- 
chevsky 's formula 

a(x) = 2 arctane _:c , 

here a is the distance from point A to straight line a. This function 
plays a fundamental part in the Lobachevsky geometry. This is not 
seen from our exposition, because we obtained the Lobachevsky 
geometry as the geometry of velocity space, proceeding from the 
pseudo-Euclidean geometry of space-time. Function a(x) decrea- 
ses monotonously. The area of the triangle is 

S = d 2 -{n-A-B-C), (16.41) 

here d is a constant value. Below we shall derive this formula. 
From the formula it is evident that in the Lobachevsky geometry 
similar triangles do not exist. 
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Following Lobachevsky, we express the function 

cos A, where 2A = A + B + C, (16.42) 

via the sides of the triangle. Applying the law of cosines (16.6) 
and, also, the formulae 

. 2 A 1 - cos A 2 A 1 + cos A 

sin 2 — = , cos 2 — = , (16.43) 

2 2 2 2 ' v 



we find 



2 A sinh(p — b) • sinh(p — c) 



2 sinh b sinh c ' 

2 A sinhp-sinh(p-a) nfi ... 

cos ~o" = • i , • i , (16.45) 

2 sinh o sinh c 

here p is the half -perimeter of the triangle 

2p = a + b + c. 
With the aid of formulae (10.44) and (10.45) we obtain 

. A B smh(p-b) C 

sin — cos — = — cos — , (16.46) 

2 2 smhc 2 

. B A smhQo-a) C A ~ 

sin — cos — = cos — . (16.47) 

2 2 smhc 2 

Hence we have 



cosh 



a — b 



A+B \ 2 J C 
sin — - — = — ^ — — cos — . (16.48) 



cosh ■ 
2 



2 



Applying the formulae 



A B smhp C 
cos — cos — = — : — sin — , (16.49) 
2 2 sinhc 2 ' 
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A B sinhfp - c) C 

sin — sin— = — sin-, (16.50) 

2 2 smhc 2 



we find 

. ,'a + b 
cosh 



A+B \ 2 ) . C 

~2 



cos — - — = — g — — sin — . (16.51) 

^ cosh — 



From (16.48) and (16.51) we have 

sinh — sinh \ Q Q 

cosA = 2 s — _2 s j n cos (16.52) 

cosh - 2 2 

2 

C C 

Replacing sin — cos — in (16.52) by the expressions from 
Eqs. (16.44) and (16.45) we find 

^ a/ sinhp • sinh(p — a) sinh(p — b) sinh(p — c) 



.a ,6 c 
2 cosh — cosh — cosh — 
2 2 2 



(16.53) 



From (16.41) we have the equality 



S 

sin — = cos A. (16.54) 

Comparing (16.53) and (16.54) we obtain 

S A/sinhp • sinh(p — a) sinhQo — b) sinh(p — c) 

2 cosh - cosh - cosh - 
2 2 2 

(16.55) 

In our formulae the sides a, b, c are dimensionless quantities, in 
accordance with definition (16.3). Eq. (16.55) is the analog of the 
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Heron formula in Euclidean geometry. From (16.52) the expres- 
sion for the area of the triangle can be written, also, in the form 

c sinh — sinh — 
sin — = 2 — _2_ sin C . ( 16.56) 

2" cosh - 

The area S is expressed in dimensionless units, since the sides of 
the triangle are dimensionless. In our exposition, the constant d is 
unity, on the basis of the law of cosines (16.4). 

From formula (16.41) it follows that in the Lobachevsky ge- 
ometry the area of a triangle cannot be indefinitely large, it is re- 
stricted to the quantity d 2 -n. Thus, admitting the existence of a 
triangle of indefinitely large area is equivalent to Euclid's paral- 
lelism axiom. The areas of polygons can be indefinitely large in 
the Lobachevsky geometry. 

The area of a spherical triangle in Euclidean geometry is 

S a = R 2 (A + B + C-tt), (16.57) 

here R is the radius of the sphere. Comparing this expression with 
formula (16.41), we see that formula (16.41) can be derived from 
formula (16.57), if the radius of the sphere is chosen to be imagi- 
nary and equal to the value R = id. This circumstance was already 
noted by Lambert. 

If one introduces the variables 

V T v„ v z 

x = A y = ^-, z = -l, (16.58) 

c c c 

then formula (16.33), for the Lobachevsky geometry, in the x,y 
plane assumes the form 



(1 - y 2 ) ■ {dxf + 2xydxdy + (1 - x 2 ) ■ {dyf 
(1 -x -y) 

(16.59) 
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the quantities x,yare called Beltrami coordinates in the Lobachev- 
sky geometry. 

Passing to new variables £, rj with the aid of formulae 

x = tanh£, y = -±, (16.60) 

cosh 4 

and calculating the differentials 

dx = — ^-2— , dy = 2 drj J^- sinh£<i£, 

cosh £ cosh 7/ cosh £ cosh £ 

upon performing the required computations, we find 

(d£ v ) 2 = c 2 {cosh 2 r]d^ 2 + drf). (16.61) 
The net of coordinate lines 

£ = const, rj = const, (16.62) 
is orthogonal. The area of the triangle in these variables is 

S= J J cosh rjd^drj. (16.63) 

(A) 

For calculating the area of a triangle by formula (16.63) it is ne- 
cessary to find the geodesic (extremal) line in the Lobachevsky 
geometry in coordinates £,77. To this end we shall take advantage 
of the principle of stationary action. 
Length is 



ds — J y cosh rj ■ d£ 2 + drf = 

(16.64) 



V'2 

J drjyj cosh 2 77 • £ /2 + 1. 
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Hence the extremal curve is found in accordance with the condi- 
tion 

7 g ■ cosh 2 rj- 5(Q , n di 
SL = / == - dry = 0, £ = — . (16.65) 

7 VcoshV^ + l 
The variation 5 commutes with differentiation, i. e. 

5(0 = (SO'; (16-66) 

taking this into account and integrating by parts in the integral 
(16.65) we obtain 



« /"ft l=» <"■«) 



'/I 



Here, it is taken into account that the variations 5£ at the limit 
points of integration are zero. 

From equality (16.67), owing to the variation 5^ being arbi- 
trary, it follows 



d ( cosh 2 rj ■ £' 
dv I v / cosh 2 ^ 7J TT 



0. (16.68) 



Hence we find the equation for the geodesic line 

cosh 2 rj ■ £' 



v/coshVf^TT 



c; (16.69) 



geodesic lines, as the shortest in the Lobachevsky geometry, are 
straight lines in it. 

Resolving this equation, we obtain 

$ - £o = ±c / - (16.70) 

</ cosh ryy cosh rj — c 2 
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Changing the variable of integration 

u = tanh?7, (16.71) 



we find 



y/(l ~ C 2 ) + C 2 U 2 



(16.72) 



± J —^== = ± arcsh v. 



Here 



cu 



It is suitable to take for variable c the following notation: 



(16.73) 



c=sin<5. (16.74) 

Thus, the equation of a geodesic line has the form 

sinh(£ — £ ) = ±tan5 • tanh?]. (16.75) 

Let us, now, construct a triangle in the £, i] plane (Fig. 3). 
The lines AB and AC are geodesic lines, that pass through point 
(£o, 0). The angles A 1 and A 2 are inferior to the parallelism angle 

a: 

A = Ay + A 2 . 

From expression (16.75) we find the derivative of the geodesic line 
AC at point £ 

£o = -tan5 2 . (16.76) 
Hence and from AALP we have 
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A 










s 2 \ v 



K 



Fig. 3 



7T 



$2 = g - ^2, 



(16.77) 



similarly, from AAKP, we also find for the geodesic line AB 



7T 



(16.78) 



Thus, the constant c for each geodesic is expressed via the angles 
A 1: A 2 . The geodesic lines AB and AC intersect the rj axis at 
points 77°, 77°. 

In accordance with (16.63) the area of the triangle ABC is 

Sa = J d£ J cosh 77 ■ drj = J {smhr) 2 (£) — sinh?7i(£)}d£. 



(16.79) 



Vl (0 
Taking advantage of expression (16.75), we find 

sinh(£ - f ) 



sinh?7 = ± 



y^cos 2 5 — cosh 2 (£ — £ ) 



(16.80) 
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Hence we find 



smhr] 2 {0 = ; (16.81) 



^sm~ 2 A 2 -cosh 2 (£-£ ) 



sinh, l( = , Sinh(e " * o) (16-82) 



y / sm~ 2 A 1 -cosh 2 (£-£ ) 



Then the intersection points of the geodesic lines with the straight 
line r}(£ = 0) are 

sinh„° = 2 Si "" & (16.83) 

V sin A 2 — cosh 4 

sinh^? = - - 2 Sinhe ° 2 ■ (16.84) 
V sin A\ — cosh £ 

From the law of sines (16.5) we have 

sin B = sinh <^ ■ S ^ ^\ . (16.85) 
sinh \ rfl\ 

Substituting into this expression the value of 77° (16.84) we obtain 



sin B — y 1 — sin A\ cosh £ , cos B = sin A\ cosh £ - 

(16.86) 
Similarly 

cosC = sin A 2 cosh £ . (16.87) 
Introducing the variable 

u = cosh(£ - £ ) (16.88) 
in the integral (16.79), we obtain 

cosh £0 

Sa= I I = + = }> du. 

V sin A\ — v? v sin A 2 — u 2 ) 

(16.89) 
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Hence follows 



Sa = arcsin(sin A\ cosh£ ) + 



(16.90) 



+ arcsin(sin A 2 cosh £ ) — (A 1 + A 2 ) 



Taking into account (16.86) and (16.87), we obtain 



Sa = arcsin(cos B) + arcsin(cos C) — A. 



(16.91) 



Ultimately, we have 



S A = 7l - A- B -C. 



(16.92) 



We have obtained the expression for the area of a triangle Sa in 
the Lobachevsky geometry, that we earlier (16.41) made use of in 
finding formula (16.55). 

From the above we saw that the Lobachevsky geometry, cre- 
ated by him as an "imaginary geometry", has become a composite 
part of the physics of relativistic motions, as the geometry of ve- 
locity space. 

The discovery of Lobachevsky had a great impact on the deve- 
lopment of various parts of mathematics. Thus, for example, the 
French mathematician G. Hadamard, in the book "Non-Euclidean 
geometry" in Section devoted to the theory of automorphic func- 
tions noted: 

"We hope we have succeeded in showing, how Lo- 
bachevsky 's discovery permeates throughout Poincare's 
entire remarkable creation, for which it served, by the 
idea of Poincare himself, as the foundation. We are 
sure that Lobachevsky' s discovery will play a great 
part, also, at the further stages of development of the 
theory we have considered" . 
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Beltrami raised the question: "Is it possible to realize Loba- 
chevsky planimetry in the form of an internal geometry of a certain 
surface in Euclidean space ? " Hilbert has shown, that in Euclidean 
space no surface exists, that is isometric to the entire Lobachevsky 
plane. However, part of the plane of the Lobachevsky geometry 
can be realized in Euclidean space. 
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Problems and exercises 

Section 2 

2.1. An electric charge is in a falling elevator. Will it emit electro- 
magnetic waves? 

2.2. A charge is in a state of weightlessness in a space ship. Will 
it radiate? 

Section 3 

3.1. Let the metric tensor of Minkowski space in a non-inertial 
coordinate system have the form 7 MJ /(x). Show that there exists a 
coordinate system x', in which the metric tensor has the same form 
lnv{x'), and that nonlinear transformations relating these systems 
constitute a group. 

Section 4 

4.1. Is the following statement correct: "In a moving reference 
system (with a constant velocity v) time flows slower, than in a 
reference system at rest"? 

4.2. Is the Lorentz contraction of a rod (4.13) real or apparent? 

4.3. Is it possible, by making use of the Lorentz effect of contrac- 
tion, to achieve a high density of substance by accelerating a rod? 

Section 8 

8.1. The electric charge of a body is independent on the choice 
of reference system. On the basis of this assertion find the trans- 
formation law of charge density, when transition occurs from one 
inertial reference system to another. 
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8.2. With the aid of Lorentz transformations find the field of a 
charge undergoing uniformly accelerated motion. 

Section 9 

9.1. Three small space rockets A, B and C are drifting freely in 
a region of space distant from other matter, without rotation and 
without relative motion, and B and C are equidistant from A. 
When a signal is received from A, the engines of B and C are 
switched on, and they start to smoothly accelerate. Let the rockets 
B and C be identical and have identical programs of acceleration. 
Suppose B and C have been connected from the very beginning 
by a thin thread. What will happen to the thread? Will it break or 
not? 

(Problem by J. Bell) 

9.2. Let some device emits electromagnetic energy with power 
6000 Watt in a definite direction. What force is required due to the 
recoil to hold the device at rest? 

Section 10 

10.1. Applying the principle of stationary action obtain the fol- 
lowing formula for the Lorentz force: 

f= P E+ P -[v,H], 

c 

where p is the electric charge density. 

Section 11 

11.1. Does a charge, moving along a geodesic line in a uniformly 
accelerating reference system, radiate? 

11.2. Does a charge, moving along a geodesic line in an arbitrary 
non-inertial reference system, radiate? 
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11.3. Does a charge, that is at rest in a non-inertial reference sys- 
tem, radiate? 

11.4. Does an elevator, the rope of which has been torn, represent 
an inertial reference system? 

Section 12 

12.1. Find the space geometry on a disk, rotating with a constant 
angular velocity uj. 

12.2. Consider an astronaut in a space ship moving with constant 
acceleration a away from the Earth. Will he be able to receive in- 
formation from the Control Center during his trip? 

Section 16 

16.1. Find a surface in the Lobachevsky geometry, on which the 
Euclidean planimetry is realized. 

16.2. Explain the Thomas precession with the aid of the Loba- 
chevsky geometry. 

16.3. Does a triangle exist in the Lobachevsky geometry, all an- 
gles of which equal zero? 

16.4. Find the area of a triangle on a sphere of radius R in Eucli- 
dean geometry. 
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